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Abstract
This is a review of exceptional field theory: a generalisation of Kaluza-
Klein theory that unifies the metric and p-form gauge field degrees of freedom
of supergravity into a generalised or extended geometry, whose additional co-
ordinates may be viewed as conjugate to brane winding modes. This unifies
the maximal supergravities, treating their previously-hidden exceptional Lie
symmetries as a fundamental geometric symmetry. Duality orbits of solutions
simplify into single objects, that in many cases have simple geometric inter-
pretations, for instance as wave or monopole-type solutions. It also provides
a route to explore exotic or non-geometric aspects of M-theory, such as exotic
branes, U-folds, and more novel sorts of non-Riemannian spaces.
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1 Introduction
1.1 A brief general introduction
A century ago, confronted with the problem of unifying gravity and electromag-
netism, Theodor Kaluza made what he described as “the otherwise extremely odd
decision to ask for help from a new fifth dimension of the world” [1]. To string the-
orists, there is no longer anything particularly odd about asking for help from extra
dimensions, and what is now known as Kaluza-Klein reduction [1, 2] is an essential
tool.
Indeed, it was with the aid of an eleventh dimension [3,4] that the Second Super-
string Revolution succeeded at unifying the five ten-dimensional superstring theories.
The significance of this event (if it is not, like the French Revolution, “too soon to
say”) may be in how it emphasised the role played by duality in string theory.
The interplay between geometry and duality is particularly important. For a
start, duality relates string theories in different geometries. A basic example is the
T-duality between type IIA string theory on a circle of radius R and type IIB string
theory on a circle of radius R˜ = α′/R.
Conversely, geometry – as in Kaluza-Klein theory – serves to unify. The classic
route to M-theory is the strong coupling limit of type IIA string theory, where
an eleventh dimension emerges. At low energies, this eleven-dimensional M-theory
leads to eleven-dimensional supergravity, and Kaluza-Klein reduction leads back to
the ten-dimensional type IIA supergravity. The radius of the eleventh dimension is
interpreted as the dilaton field in supergravity, which controls the string coupling.
This Kaluza-Klein perspective unifies the ten-dimensional fields and branes: for
example, the type IIA RR one-form gauge potential becomes part of the eleven-
dimensional metric, identified with the Kaluza-Klein vector, and momentum modes
in the eleventh direction (charged under the Kaluza-Klein vector) become D0 branes,
while fundamental strings and D2 branes combine into the membrane in eleven-
dimensions.
The further compactification of the eleven-dimensional theory on a two-torus T 2
can then be mapped to the reduction of the ten-dimensional type IIB string on a
circle. In the type IIB theory, there is a non-perturbative SL(2) duality, which swaps
fundamental strings with D1 branes. From the eleven-dimensional point of view, this
SL(2) has a geometrical origin in the action of large diffeomorphisms on the M-theory
two-torus. The scalar fields of type IIB supergravity, namely the dilaton, Φ and the
RR 0-form, C0, are mapped to the complex structure of the torus, τ = C0 + ie
−Φ.
An alternative description of this SL(2) is provided by F-theory [5], where the
ten-dimensional type IIB theory is extended to a 12-dimensional theory, with the
extra two dimensions corresponding to an auxiliary T 2 (of zero area) with complex
structure τ .
In these examples, we see that the degrees of freedom and symmetries of the type
II theories have an explanation in terms of a higher-dimensional geometry. These
4
are just the simplest cases of a wide range of situations where geometric features of
one description of M-theory explains the physics of another, and gives rise to a rich
spectrum of dual descriptions.
This extends to field theory. One of M-theory’s most interesting objects is the
six-dimensional (0,2) theory associated to the world volume of the M-theory five-
brane. Its reduction on a torus produces N = 4 Yang-Mills in four-dimensions whose
SL(2) duality again comes from the mapping class group of the torus. This is an
extraordinary result. The SL(2) symmetry inN = 4 Yang-Mills is a non-perturbative
quantum result and it is remarkable that there can be a geometric explanation for
it. Similarly, the Seiberg-Witten curve that encodes the quantum exact, low energy
effective theory for N = 2 Yang-Mills may also be given a geometric origin through
the reduction of the six-dimensional (0,2) theory on a Riemann surface.
All this shows the crucial idea of M-theory is that the existence of dualities
indicates the existence of a unifying description in higher dimensions, where the
duality symmetries have a geometric origin in terms of a bigger space.
Of course, there are many dualities for which this does not seem to be the case.
Although it provides a unifying framework up to 11-dimensions, the Kaluza-Klein
reduction of string theory and M-theory also leads to symmetries which seem not
to have an evident higher-dimensional origin. The reduction of type II supergrav-
ity on a d-dimensional torus leads to a theory with a global O(d, d;R) symmetry;
the full quantum string theory on a torus has a corresponding O(d, d;Z) T-duality
symmetry. Including non-perturbative dualities enlarges this to the U-duality sym-
metry of M-theory on a T d or type II string theory on a T d−1, which corresponds
to the exceptional groups Ed(d)(Z). In the Kaluza-Klein reduction of 11-dimensional
supergravity on T d, one finds correspondingly an Ed(d)(R) global symmetry.
A general Kaluza-Klein reduction would only have an GL(d) global symmetry,
coming from large diffeomorphisms of the T d on which we reduce. These enlarged
O(d, d) or Ed(d) symmetries appear thanks to the metric and form field degrees of
freedom rearranging themselves rather remarkably into multiplets of these groups.
This reflects what also happens to the spectrum of extended objects of M-theory
wrapping the torus. Supergravity is the point particle limit of string theory and yet
the presence of duality symmetries shows that it retains some memory of its stringy
origins and that, fundamentally, these are theories of extended objects (with T- and
U-dualities exchanging momentum for brane winding modes).
From a philosophical point of view, one might then wonder about the nature
of geometry in string theory and M-theory. Is the standard Riemannian geometry
that physicists have lived in since Einstein the most convenient language to capture
the features of the backgrounds of string theory and M-theory? Is there a better
organisational principle that takes into account the menagerie of p-form gauge fields
and the branes to which they couple? In this review, we will try to answer these
questions using exceptional field theory.
In exceptional field theory (ExFT), an Ed(d) symmetry is manifest acting on an
extended or generalised geometry. Depending on how one chooses to identify the
physical geometry with the extended geometry of ExFT, for each d, the Ed(d) ExFT
is equivalent to the full 11- or 10-dimensional maximal supergravities. It therefore
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provides a higher-dimensional origin of U-duality, in which no reduction is assumed,
and on identifying the novel coordinates of the extended geometry as conjugate to
brane winding modes, ExFT offers a glimpse towards the geometry of M-theory
beyond supergravity.
Beyond the intrinsic interest in obtaining a higher-dimensional perspective on
duality, ExFT is a very powerful tool in understanding the geometry of string and
M-theory backgrounds, both with a view towards reductions – where it offers a
way to efficiently characterise the properties of geometries with flux, and leads to
new methods to obtain consistent truncations to gauged supergravities in lower-
dimensions– and towards expansions – as it can be employed to obtain complicated
higher-derivative corrections in an efficient manner. Underlying these successes is
that fact that the geometry of ExFT treats the metric and form-fields of super-
gravity on the same footing, rearranging all degrees of freedom into multiplets of
Ed(d) (in a form which is perfectly adapted to general dimensional reductions but
completely general so that it works regardless of background). It manages to do
this while simultaneously implementing and side-stepping issues with complicated
non-linear electromagnetic dualisations that inevitably accompany the realisation of
Ed(d) symmetry [6, 7] – including of the metric itself.
Exceptional field theory is by now a well-developed field with numerous inter-
esting applications and outcrops. The selection of topics in this review is of course
biased by the authors’ own interests and ignorances and further by the limitations of
space, for all of which we ask for the understanding and patience of the reader. We
hope to be able to describe the general concepts and technical tools needed to under-
stand and make of ExFT. After developing the general theory, we will discuss some
of the applications mentioned above and refer to the literature for further details
when necessary.
We will then also describe the exceptional geometric perspective on brane solu-
tions, and discuss the connections with non-geometry and exotic branes. By “non-
geometry” we refer to backgrounds of string theory and M-theory which cannot be
described purely in supergravity because they are globally defined only up to duality
transformations. You can think of this as taking two ordinary geometries and patch-
ing them together via a duality transformation. This should be allowed if duality is
a genuine symmetry of M-theory. Such spaces include T-folds and U-folds, where T-
and U-duality are used in their definition. Exotic branes, meanwhile, are predictions
of duality, and are characterised by the fact that their backreacted supergravity solu-
tions – obtained by duality transformations – turn out to be non-geometric in nature:
encircling an exotic brane one returns to a dual description to the one you started
with. The natural home for such phenomena should be in an extended geometry
that knows about duality.
Putting this picture together leads to the conclusion that Kaluza’s call for help
from extra dimensions will be seen to have opened up new vistas in geometry and
provided a truly unified approach to M-theory.
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1.2 This review
As this review is fairly lengthy, let us offer a detailed outline for the readers’ orien-
tation.
In section 1.3 we give a brief reminder on duality in string and M-theory.
In section 2 we rethink the usual approach to the classical geometry of string
and M-theory by going back to the basics and generalising Kaluza-Klein theory.
• In section 2.1, we start with the classic Kaluza-Klein setup, describing the
unification of electromagnetism with the spacetime metric (in, of course, a
particular example of an Einstein-Maxwell theory with a scalar field describing
the radius of the extra dimension).
• In section 2.2, we will then be faced with the key puzzle, that strings funda-
mentally couple to two-forms and so we will seek a Kaluza-Klein unification
of a metric and a two-form, leading to generalised geometry and double field
theory (DFT).
• In section 2.3, we take the next step: incorporating a three-form with the met-
ric, and discovering a (simplified version of) exceptional field theory (ExFT)
and its exceptional geometry.
In section 3, we explore the structure of supergravity decompositions and
Ed(d) multiplets.
• In section 3.1, we again revisit Kaluza-Klein theory but now without doing
any reduction: we perform an (n+ d)-dimensional splitting of the coordinates
and fields in order to explore the symmetry structures that appear, which will
then get uplifted to and extended in exceptional field theory.
• In section 3.2, we specialise to the bosonic part of the action of 11-dimensional
supergravity, and explain its decomposition using section 3.1.
• In section 3.3, we highlight how the field content of 11-dimensional super-
gravity reorganises into multiplets of Ed(d) under this decomposition, in a way
that underlies and pre-empts the construction of exceptional field theory.
In section 4, we systematically introduce exceptional field theory.
• In section 4.1, we define the exceptional generalised Lie derivative.
• In section 4.2, we introduce the tensor hierarchy of generalised p-forms and
their gauge transformations.
• In section 4.3, we look in more detail at the tensor hierarchy for the SL(5)
ExFT.
• In section 4.4, we explain how the tensor hierarchy deals with the presence of
dual graviton degrees of freedom by introducing additional constrained com-
pensator fields and symmetries.
• In section 4.5, we describe the general form of the action of ExFT.
• In section 4.6, we specialise to the SL(5) ExFT, write down the action and
show how to precisely identify it with that of 11-dimensional supergravity,
using the results of sections 3.2 and 4.3.
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• In section 4.7, we describe the (pseudo-)action of the E7(7) ExFT.
• In section 4.8, we describe the E8(8) ExFT, where the definition of generalised
diffeomorphisms must be modified.
In section 5, we go into detail on further features of exceptional field theory.
• In section 5.1, we explain how ExFT describes both the 11-dimensional su-
pergravity and 10-dimensional type IIB supergravity.
• In section 5.2, we describe generalised Scherk-Schwarz reductions of ExFT.
These lead to gauged supergravities in lower dimensions, and furthermore al-
low the section condition to be relaxed. As examples, we will discuss two
deformations of ten-dimensional supergravity (the Romans IIA theory and the
so-called generalised IIB theory) which can be described in ExFT by allowing
the fields to have a controlled dependence on dual coordinates.
• In section 5.3, we briefly discuss the interplay between ExFT and (various
amounts of) supersymmetry.
• In section 5.4, we discuss the notion of a generalised orientifold, or “O-fold”,
of the exceptional geometry, and how this can be used to describe half-maximal
supergravities.
• In section 5.5, we discuss work on describing higher-derivative corrections to
supergravity using extended geometry.
In section 6, we discuss the form of brane solutions in double and excep-
tional field theory.
• In section 6.1, we review the pp-wave and Kaluza-Klein monopole solutions
of pure gravity, which realise electric and magnetically charged solutions after
Kaluza-Klein reduction.
• In section 6.2, we embed brane solutions in the doubled geometry of DFT,
where they become generalised wave and monopole solutions.
• In section 6.3, we discuss the analogous picutre in ExFT.
• In section 6.4, we describe the superalgebra of ExFT, with all central charges
combining into generalised momenta.
• In section 6.5, we connect central charges, winding modes and dual coordi-
nates.
• In section 6.6, we briefly comment on approaches to brane worldvolume ac-
tions where the target space is the extended geometry of either DFT or ExFT.
In section 7, we explore non-geometry and exotic branes.
• In section 7.1, we introduce non-geometry via the T-duality chain connecting
a three-torus with H-flux to both global and local T-folds. This provides a toy
model for non-geometry.
• In section 7.2, we demonstrate the U-duality version of this toy model.
• In section 7.3, the toy models are upgraded to genuine string and M-theory
backgrounds corresponding to exotic branes.
• In section 7.4, we discuss the apperance of such exotic branes in U-duality
multiplets, and the interpretation of such states in string theory.
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• In section 7.5, we describe the realisation of exotic branes via the supertube
effect, which implies they appear generically via spontaneous polarisation of
normal brane configurations, and so are unavoidable in string theory.
• In section 7.6, we describe winding mode localisation effects.
• In section 7.7, we comment on the exceptional field theory perspective on
exotic branes, and discuss further developments.
In section 8, we describe a different version of non-geometry, which we may
call non-Riemannian geometry, which arises by considering parametrisations of
the fields of DFT/ExFT which do not admit a standard spacetime interpretation
involving a Riemannian metric.
1.3 Duality in string and M-theory
In order to cover the basic concepts of duality that will re-occur throughout this
review, we include here a brief review of the standard T-, S- and U-dualities of
string theory and M-theory. In this section, we explicitly display the dimensionful
quantities α′ and lp. Elsewhere in this review, they are (mostly) suppressed.
1.3.1 T-duality
Consider string quantisation in flat spacetime, with one spatial direction a circle
of radius R. Along the circle the string has momentum states with quantised mo-
mentum p = n/R, n ∈ Z, and winding states characterised by the winding number
w ∈ Z. The mass squared of a string state with momentum and winding (measured
from the point of view of the non-compact directions) is
M2 =
( n
R
)2
+
(
wR
α′
)2
+ oscillators , (1.1)
where α′ = l2s is the string length squared, related to the string tension by TF1 =
1
2πα′ .
The spectrum of the bosonic string is unchanged under the T-duality transformation:
R 7→ R˜ = α
′
R
, (n,w) 7→ (n˜, w˜) = (w,n) . (1.2)
Momentum and winding modes are interchanged, and the radius of the circular
direction is inverted. In the worldsheet CFT, this extends to a map Y = YL+YR →
Y˜ = YL − YR exchanging the string coordinate Y on the original circle for a dual
coordinate Y˜ on the dual circle, flipping the sign of the right-moving part.
We can repeat this for string on a d-dimensional torus. In this case, we have
d winding numbers wi and d momenta quantum numbers ni, where i = 1, . . . , d.
We combine these into a 2d-dimensional vector which we write as pM = (ni, w
i)
introducing a doubled index M = 1, . . . , 2d (viewed as i = 1, . . . , d twice, once down
and once up). We can take the torus to have a (constant) metric gij , and a two-form
field, Bij . Then the mass squared formula Eq. (1.1) generalises to:
M2 =
1
α′
pMHMNpN + oscillators , (1.3)
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where now all the geometrical information about the background is contained in the
2d× 2d matrix
HMN =
(
α′gij −gikBkj
Bikg
kj 1
α′ (gij −BikgklBlj)
)
. (1.4)
The momenta and winding also appear in the level-matching condition:
NR −NL = 1
2
ηMNpMpN , (1.5)
where
ηMN =
(
0 I
I 0
)
. (1.6)
These formula are invariant under O(d, d;Z) transformations acting such that
pM → p˜M = (U−1)KMpK , HMN → H˜MN = UMKUNLHKL , (1.7)
where the transformation matrix UMN ∈ O(d, d;Z) leaves ηMN invariant:
ηMN → η˜MN = UMKUNLηKL = ηMN . (1.8)
The inverse of ηMN is denoted ηMN and is what we will call the O(d, d) metric or
O(d, d) structure. The restriction to integer valued entries comes about in order that
pM remain integer valued.
The matrix Eq. (1.4) which encodes the background d-dimensional metric and
B-field obeys
HMKHNLηKL = ηMN . (1.9)
This means that HMN itself defines an element of O(d, d;R), and its inverse is
HMN = ηMKηNLHKL which has the same components as in Eq. (1.4), just with the
blocks rearranged. We will call HMN the generalised metric.
The basic T-duality transformation Eq. (1.2) which inverts the radius in one
direction can be realised in the full O(d, d;Z) group as follows. Let i = (µ, y), with
µ = 1, . . . , d− 1. The transformation Eq. (1.2) in the y direction corresponds to:
UMN =

δµν 0 0 0
0 0 0 1
0 0 δµ
ν 0
0 1 0 0
 . (1.10)
The effect on the matrix HMN is to swap Hyy ↔ Hyy, Hµy ↔ Hµy, Hµy ↔ Hµy
while leaving Hµν , Hµν and Hµν unchanged. Denoting by g˜ij and B˜ij the dual
metric and B-field, this produces:
g˜yy =
(α′)2
gyy
,
g˜µy = α
′Bµy
gyy
, B˜µy = α
′ gµy
gyy
,
g˜µν = gµν − 1gyy (gµygνy −BµyBνy) , B˜µν = Bµν + 1gyy (gµyBνy − gνyBµy) .
(1.11)
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These are known as the Buscher rules [8,9]. They are in fact applicable as a duality
transformation of any background which has an isometry in the y direction, with the
background fields still depending on the remaining spacetime coordinates, as can be
established (following the procedure of [8, 9]) using the worldsheet sigma model.
The massless states g and B are common to the bosonic and type II theories - in
the latter they appear in the quantisation of the NSNS sector along with the scalar
dilaton, which we will denote by Φ. The dilaton couples to the worldsheet Ricci
scalar, and the string coupling is related to the (asymptotic value of) the dilaton
by gs = e
Φ. When we carry out the Buscher procedure at the level of string path
integral, zero mode effects imply that the path integral is not in fact but can be made
so by simultaneously transforming the dilaton. The rule for the dilaton follows from
the statement that the combination
e−2Φ
√
det(gij) . (1.12)
is invariant under O(d, d;Z) T-duality transformations.
In both the bosonic and type II strings, compactification on a d-torus leads to
this O(d, d;Z) duality symmetry. In the latter case, T-duality transformations with
determinant minus one act as maps exchanging the type IIA theory on one torus
with the type IIB theory on a dual torus, while maps with unit determinant act as
duality symmetries within either type IIA or type IIB.
In the low energy effective actions describing these string theories, i.e. in the
type II supergravities for supersymmetric case, a classical version of the full stringy
T-duality symmetry appears again on dimensional reduction on a T d. In this case,
the reduced supergravity has a global O(d, d;R) symmetry.
1.3.2 S-duality
Next we consider a non-perturbative duality: the S-duality of type IIB string theory.
The basic statement of this duality is that type IIB at strong coupling is dual to
type IIB at weak coupling; the theory is invariant under the map gs → 1/gs.
S-duality extends to an action of SL(2;Z) on the BPS states of the type IIB
theory, which also acts accordingly on the massless states of theory. In the type IIB
supergravity, this appears as a classical global SL(2;R) symmetry. Here, as well as
the metric and NSNS 2-form, we have RR sector p-forms of even rank, C0, C2, C4.
The dilaton and RR 0-form are combined into a complex scalar which transforms
under SL(2) via a modular transformation:
τ = C0 + ie
−Φ , τ → aτ + b
cτ + d
, (1.13)
where the parameters of the transformation can be expressed as a unit determinant
matrix
U =
(
a b
c d
)
, ad− bc = 1 . (1.14)
For later use, we can also express this transformation in terms of a matrix
M = 1
Im τ
( |τ |2 Re τ
Re τ 1
)
= eΦ
(
C20 + e
−2Φ C0
C0 1
)
, (1.15)
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itself of unit determinant, transforming as M → UMUT . The coupling constant
inversion corresponds to a = 0 = d, b = 1, c = −1.
The two two-forms form a doublet, (C2, B2) transforming as (C2, B2)
T → U−T (C2, B2)T .
The four-form is invariant, as is the Einstein frame metric. The latter is related to
the string frame metric by gstringµν = eΦ/2gEinsteinµν . It is the string frame metric which
naturally appears in the string sigma model with no dilaton factors. The Einstein
frame metric is distinguished by the fact that in the supergravity action it corre-
sponds to having the usual Einstein-Hilbert term, unmultiplied by any power of
eΦ.
1.3.3 U-duality
S-duality and T-duality transformations do not commute. Combining them, we
generate a larger group of dualities of the type II theories. This is known as U-
duality. It is a non-perturbative duality of the type II strings on a torus, and hence
also a duality of M-theory. The latter can be motivated by considering the strong
coupling limit of the type IIA string. As the IIA string coupling goes to infinity, an
eleventh dimension decompactifies, and we are led to conjecture the existence of an
11-dimensional M-theory, which when compactified on a circle reduces to the IIA
string in the zero radius limit. The 11-dimensional radius R11 and Planck length lp
are related to the 10-dimensional string coupling constant gs and string length ls by:
R11 = lsgs , lp = g
1/3
s ls . (1.16)
This corresponds to a reduction ansatz for the 11-dimensional metric of the form
ds211 = R
2
11(dx
11 +A)2 + ds210 , (1.17)
(where A is a ten-dimensional 1-form) or equivalently
1
l2p
ds211 = e
4Φ/3(dx11 +A)2 + e−2Φ/3
1
l2s
ds210 . (1.18)
We can combine the relationships of Eq. (1.16) with T-duality and S-duality trans-
formations to generate 11-dimensional U-duality transformations. The rules we need
are:
S : gs → 1
gs
, l2s → gsl2s , (1.19)
and for a T-duality in the direction i:
Ti : Ri → l
2
s
Ri
, gs → gs ls
Ri
. (1.20)
As the relationships Eq. (1.16) only hold for the IIA string variables, we should
consider even numbers of T-duality transformations. For instance, T-dualising on
two directions labelled by i and j, and then swapping the resulting directions (denote
this via σ : i↔ j) gives the transformation:
(σT )ij : (Ri, Rj)→
(
l2s
Rj
,
l2s
Ri
)
, gs → gs l
2
s
RiRj
. (1.21)
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This uplifts to a symmetrical U-duality transformation acting on three directions
and on the 11-dimensional Planck length as
UIJK : RI →
l3p
RJRK
, l3p →
l6p
RIRJRK
, (1.22)
where I, J,K are distinct and can be any of the indices (i, j, 11). Define the volume
of the three-torus on which we are acting by V = RIRJRK . Denoting the U-dual
volume and Planck length by V˜ and l˜p, we have V˜/l˜
3
p = l
3
p/V . The transformation
UIJK is therefore a volume inversion, generalising the radius inversion of the basic
T-duality.
It can be more convenient to phrase the transformation in terms of the dimen-
sionless quantities RI/lp. We have
UIJK :
RI
lp
→ lpR
1/3
I
(RJRK)2/3
. (1.23)
In general we will mostly want to drop explicit factors of the Planck length, for
instance by setting it to one, in which case the transformation Eq. (1.23) of the radii
will appear in practice. In this case, we will also have the volume inverse in the form
V˜ = 1/V .
The full U-duality group is generated by these transformations, along with global
coordinate transformation and shifts of the massless form fields appearing in M-
theory. Acting purely in three directions as above, this means shifting CIJK →
CIJK+ l
3
pΛIJK , with ΛIJK integer-valued.The full U-duality group generated in this
way is in fact SL(3;Z)× SL(2;Z).
Let’s take a moment to describe the M-theory origin of such transformations
more precisely. First, take a step back and consider M-theory on a torus. The global
symmetry group is given by GL(2;R) acting on the two-torus which can be viewed
as the SL(2;R) of volume preserving global coordinate transformations, plus an R+
acting as overall scalings. These global symmetries are symmetries of the equations
of motion acting on the moduli of the reduction. They are solution generating in
the sense that they map one vacuum solution, a torus with complex structure τ and
size V to another inequivalent one with different complex structure and volume. A
subgroup, SL(2;Z) are large diffeomorphisms (that is those that are not connected to
the identity) that preserve the torus. Thus the torus itself is invariant even though
its complex structure, τ , is transformed. This group is then the duality group of
equivalent vacua. The restriction to the arithmetic subgroup in that case came from
Dirac quantisation of charges.
When we include a further direction, i.e. M-theory on a three-torus, we now
have a geometric SL(3;R) of volume preserving transformations, but the scalings
get enhanced to an SL(2;R) acting on both the volume of the three-torus and the
single component of the background three-form on the torus. To realise this SL(2;R),
we define
τ =
C123
l3p
+ i
√
det g
l3p
, (1.24)
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where gij is the metric on the torus. This complex combination transforms under
SL(2;R) according to the modular transformation rule Eq. (1.13), with the volume
scaling transformation corresponding to a = d−1, b = c = 0. Classically these
transformations are all real-valued, and this is what we encounter in supergravity,
while in the full quantum theory we expect that only the integer-valued subgroup
remains as the full U-duality group.
We can characterise these M-theory SL(3)× SL(2) transformations as acting on
two unit determinant matrices,
Mij = 1
(det g)1/3
gij , Mαβ = 1
(det g)1/2
(
l−3p (C2123 + det g) C123
C123 l
3
p
)
(1.25)
which have the interpretation as coset elements, Mij ∈ SL(3)/SO(3), Mαβ ∈
SL(2)/SO(2). Suppose we define a composite index M = iα. Then we can combine
these two matrices into a single six-by-six matrix
MMN ≡Miα,jα =MijMαβ , (1.26)
which can be written as
MMN = (det g)1/6
(
l−3p (gij +
1
2CipqCj
pq) Ci
kl
Ck
ij 2l3pg
i[kgl]j
)
, (1.27)
having replaced the index i2 for a pair of antisymmetric indices, that is, Mkij ≡
1
2ǫ
ijpMk,p2, andMij,kl ≡ 14ǫijpǫklqMp2,q2. The quantity Eq. (1.27) is to be compared
with the matrix Eq. (1.4) encoding the NSNS metric and B-field on which T-duality
transformations acted.
The action of U-duality on the backgrounds of type IIA string theory follow on
applying the reduction rules Eq. (1.16). Then we can further T-dualise to identify
the corresponding transformations in type IIB. In particular, the geometric SL(2)
appearing when d = 2, i.e. for M-theory on a two-torus, becomes the S-duality of
type IIB. For M-theory on a three-torus, the type IIB S-duality is likewise embedded
in the SL(3) factor of the full U-duality group.
Acting in more than three directions, there are further shift symmetries possible.
For d sufficiently large, we also include shifts of the six-form electromagnetically
dual to the three-form, and also shifts of further “exotic” dualisations including of
the metric itself. The U-duality group acting on a d-dimensional torus in M-theory
is then determined to be Ed(d)(Z). These groups are listed in table 1.
This sequence of U-duality symmetries was first found in the context of reductions
of eleven-dimensional supergravity [10] on a torus [11–13]. They are the global
symmetries of maximal supergravity in n dimensions. As mentioned before, in terms
of the supergravity action, these global symmetry groups are real-valued. When we
take into account Dirac quantisation of brane charges, as we must in the full quantum
theory, then group is broken to the integers so that charge quantisation is preserved.
This is an important feature of duality: the reduced supergravity will have a moduli
space and there will be a continuous set of symmetries acting on the moduli that take
one vacuum into another inequivalent vacuum. However, an arithmetic subgroup will
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leave the reduction space invariant and this will coincide with the duality group when
taking into account quantum charge preservation. In general, we will not explicitly
notate whether we are dealing with R or Z, and will only reinstate the distinction
when it is necessary to do so.
The sequence of Lie algebras shown in table 1 is defined by its Dynkin diagram,
which has d nodes, and by a choice of real form. The latter means a choice of
allowed signature for the Killing form, or equivalently the number of compact and
non-compact generators. The general notation is Ed(K) where K is the number of
non-compact minus the number of compact generators. The particular sequence
Ed(d) is referred to as the split real form, which is the version of the group with
the maximal number of non-compact generators. Table 1 also shows the maximal
compact subgroup of Ed(d), denoted by Hd: the scalar moduli of a toroidal reduction
of supergravity parametrise the coset Ed(d)/Hd.
d Ed(d) dim Ed(d) Hd dim Hd
2 SL(2) × R+ 4 SO(2) 1
3 SL(3)× SL(2) 11 SO(3)× SO(2) 4
4 SL(5) 24 SO(5) 10
5 SO(5, 5) 45 SO(5)× SO(5) 20
6 E6(6) 78 USp(8) 36
7 E7(7) 133 SU(8) 63
8 E8(8) 248 SO(16) 120
Table 1: The exceptional sequence of rank d, their Dynkin diagrams, dimension, plus
their maximal compact subgroups Hd and their dimensions.
2 Generalising Kaluza-Klein theory
2.1 Kaluza-Klein theory
Our starting point is the classic version of Kaluza-Klein theory [1, 2], applied to an
Einstein-Maxwell theory in four dimensions with a scalar field. This is a theory of
a metric, gµν , a one-form gauge field, Aµ, and a scalar φ. The goal is to understand
these fields in terms of a higher-dimensional geometry.
The local symmetries of the four-dimensional theory are diffeomorphisms, under
which all the fields transform tensorially, and gauge transformations of the one-form.
We describe the action of (infinitesimal) diffeomorphisms generated by a vector ξµ
using the Lie derivative, defined on vectors by
LξU
µ = ξν∂νU
µ − ∂νξµUν , (2.1)
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while gauge transformations are generated by scalars λ. The symmetry transforma-
tions of the fields are thus:
δgµν = Lξgµν , δAµ = LξAµ + ∂µλ , δφ = Lξφ . (2.2)
The gauge invariant field strength of the one-form is of course:
Fµν = 2∂[µAν] . (2.3)
To match with expressions that we will encounter later on, we note here that if one
shifts λ → λ− Aνξν , then the transformation of the vector Aµ can also be written
as
δAµ = ξ
νFνµ + ∂µλ . (2.4)
So, in total we have five independent parameters generating local symmetries. In
Kaluza-Klein theory, we will treat these as the components of a five-dimensional
vector, ξˆµˆ = (ξµ, λ), where µˆ denotes a five-dimensional spacetime index.
The number of independent field components also matches the decomposition
of a five-dimensional metric, gˆµˆνˆ → (gµν , Aµ, φ). We therefore construct the five-
dimensional theory by defining its field content to consist solely of a metric gˆµˆνˆ ,
transforming under five-dimensional diffeomorphisms as:
δξˆ gˆµˆνˆ = Lξˆgˆµˆνˆ = ξˆ
ρˆ∂ρˆgµˆνˆ + 2∂(µˆξˆ
ρˆgˆνˆ)ρˆ . (2.5)
This combines the GL(4) diffeomorphisms and U(1) gauge transformations of the
four-dimensional theory into GL(5) diffeomorphisms. (Observe here the structure of
the general d-dimensional Lie derivative acting on some tensor: first, the transport
term involving the derivative of the tensor, then GL(d) transformations of its indices
using the GL(d) matrix ∂µξ
ν .)
We now seek two things: firstly, a higher-dimensional action for the metric gˆµˆνˆ
which is invariant under the symmetries Eq. (2.5), and secondly, a parametrisation
of gˆµˆνˆ in terms of four-dimensional variables such that decomposing Eq. (2.5) in
components we recover the expected four-dimensional symmetries and dynamics.
The higher-dimensional action we are looking for must be the Einstein-Hilbert action:
S =
∫
d5x
√
|gˆ|R(gˆ) , (2.6)
and an appropriate parametrisation of the five-dimensional metric can be easily
written down:
gˆµˆνˆ =
(
φ−
1
2 gµν + φAµAν φAµ
φAν φ
)
. (2.7)
The factor of φ−
1
2 in front of gµν ensures that we will below obtain the canonically
normalised four-dimensional Einstein-Hilbert term i.e. the four-dimensional Einstein
frame action. Evaluating the transformation Eq. (2.5) on the metric Eq. (2.7) we
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indeed recover the four-dimensional symmetries Eq. (2.2) assuming that we restrict
our fields to obey the Kaluza-Klein constraint:
∂x5 = 0 . (2.8)
(Normally we should think of this a truncation to the zero modes in a Fourier expan-
sion in the x5 direction.) Similarly, we can work through the Kaluza-Klein reduc-
tion of the action Eq. (2.6) given the parametrisation Eq. (2.7) and the constraint
Eq. (2.8). This leads to the four-dimensional action:
S =
∫
d4x
√
|g|
(
R(g)− 1
4
φ
3
2FµνF
µν − 3
8
∂µ lnφ∂
µ lnφ
)
. (2.9)
If we define the canonically normalised scalar ϕ =
√
3
2 lnφ, then the action is:
S =
∫
d4x
√
|g|
(
R(g)− 1
4
e
√
3ϕFµνF
µν − 1
2
∂µϕ∂
µϕ
)
. (2.10)
A famous lesson of Kaluza-Klein theory is that it is impossible to geometrise just
the metric and one-form alone; the higher-dimensional metric inevitably produces
the Kaluza-Klein scalar and it is in general inconsistent to truncate this. (If one
started with the ansatz Eq. (2.7) with φ = 0, solutions of the equations of motion
of the reduced theory would not generically correspond to solutions of the equations
of motion of the higher-dimensional theory.) A different slant on this is to note that
the result Eq. (2.9) implies that the precise numerical coefficients accompanying the
scalar kinetic term, and its coupling to the one-form, are necessary for this action
to come from a reduction of the higher-dimensional theory Eq. (2.6) (modulo field
redefinitions).
An interesting feature of the action Eq. (2.10) is that it is invariant under the
following global transformation:
φ→ c2φ , Aµ → c−
3
2Aµ , c
2 ∈ R+ , (2.11)
under which the Einstein frame metric does not transform. We can further combine
this with a Z2 acting as Aµ → −Aµ to obtain a GL(1) symmetry. This is a very
simple example of a global symmetry corresponding to a change in the moduli of
reduction (in this case the radius R ∼ √φ of the Kaluza-Klein circle). Conversely,
without this precise symmetry present in the Einstein-Maxwell-scalar theory, there
would be no uplift to the five-dimensional theory. Note that if one drops the Kaluza-
Klein constraint, allowing the higher dimensional field to depend on the coordinate
x5 or including the tower of Kaluza-Klein modes with masses m2 ∼ ( nR)2, then the
spectrum in the reduced theory is sensitive to the radius modulus.
2.2 Double field theory
Can we repeat the Kaluza-Klein procedure for p-form gauge fields, with p > 1?
Let’s start with a theory of a metric and a two-form, Bµν , which we will refer to
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as the B-field. The B-field arises naturally in string theory, as it couples to the
fundamental string itself. We now take the dimension of spacetime to be arbitrary,
and denote it by d. The theory we will obtain will not correspond precisely to a
Kaluza-Klein reduction in the usual sense, but will lead, via ideas of generalised
geometry [14, 15] to double field theory (DFT) [16–21]. This Kaluza-Klein approach
to DFT was emphasized in [22] and a elaborated on mathematically in [23].
The local symmetries of a metric and two-form are now given by diffeomorphisms,
generated by vectors ξµ, plus gauge transformations of the two-form, generated by
one-forms, λµ:
δgµν = Lξgµν , δBµν = LξBµν + 2∂[µλν] . (2.12)
A new feature of these one-form gauge symmetries is that transformations λµ = ∂µϕ
are trivial: they do not generate any change of the B-field. Thus there are gauge
symmetries of the gauge symmetries. The gauge invariant strength of the B-field is:
Hµνρ = 3∂[µBνρ] . (2.13)
For later use, we note again that combined diffeomorphism and gauge symmetry can
be written as
δBµν = ξ
ρHρµν + 2∂[µλν] (2.14)
after shifting λµ → λµ − ξνBνµ.
2.2.1 Generalised diffeomorphisms
We want to again combine the parameters generating the local symmetries into
one geometrical quantity. Here, the combination of d-dimensional vectors and d-
dimensional one-forms gives what we call a generalised vector field:
ΛM = (ξµ, λµ) , (2.15)
which is a 2d-dimensional object. For such generalised vectors, one might try to
generate GL(2d) diffeomorphisms on introducing (as in Kaluza-Klein theory) d extra
coordinates, x˜µ. However, if you do this, it will soon become clear that a conventional
Kaluza-Klein approach based on such a theory cannot reproduce the symmetries,
field content or action of the theory with the two-form. For instance, a d-dimensional
metric and B-field have a combined total of d2 independent components, whereas a
2d-dimensional metric gMN would have d(2d+ 1) components.
We should therefore think more critically about what sort of geometry is going to
appear. Geometrically, denoting the spacetime manifold by M , a generalised vector
Eq. (2.15) is a section of the sum TM ⊕T ∗M of the tangent and cotangent bundles.
This is known as the generalised tangent bundle, and is the starting point of the
generalised geometry developed by Hitchin and Gualtieri [14, 15].
Given this setup, we can already define a natural indefinite metric, namely a
split signature bilinear form
ηMN =
(
0 δνµ
δµν 0
)
, (2.16)
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corresponding to the natural pairing between vectors and one-forms, expressed here
as:
ηMNΛ
MΛ′N = ξµλ′µ + ξ
′µλµ . (2.17)
The bilinear form Eq. (2.16) is preserved by the group O(d, d). For this reason we
refer to it as the O(d, d) structure or O(d, d) metric.
We therefore seek a notion of generalised diffeomorphism that preserves this
pairing i.e. which preserves O(d, d). We define this notion using the generalised Lie
derivative. We denote the generalised Lie derivative with respect to some generalised
vector U by LU , and we require it to be compatible with the O(d, d) structure
Eq. (2.16), meaning that:
LUηMN = 0 . (2.18)
To explicitly define the generalised Lie derivative, we first assume it acts on a scalar
quantity S in the usual fashion, δUS = U
M∂MS. Then we will specify its action
on generalised vectors, and require that it obey the Leibniz property in order to
define its action on generalised covectors, VM , and hence generalised tensors. For
instance, ηMN is a generalised tensor of rank 2. We also require that generalised Lie
derivatives form a closed algebra in a sense that we will make precise shortly. The
(unique) definition that results is:
LUVM = UN∂NVM − V N∂NUM + ηMNηPQ∂NUPV Q . (2.19)
Here we have explicitly written partial derivatives with respect to a set of doubled
coordinates XM = (xµ, x˜µ). The theory itself will soon tell us how we should think
of the d extra coordinates we have included here.
This generalised Lie derivative can be rewritten educationally in various ways.
For instance, we can write:
LUV M = LUVM + YMNPQ∂NUPV Q , YMNPQ = ηMNηPQ , (2.20)
in order to show that it consists of the ordinary Lie derivative plus a modification,
the so-called Y-tensor, which is itself O(d, d) invariant. Alternatively, we can write:
LUVM = UN∂NVM − 2PMNPQ∂PUQV N , PMNPQ = 12(δMQ δPN − ηMP ηNQ) ,
(2.21)
where PMN
P
Q projects the GL(2d) matrix ∂PU
Q into the adjoint of O(d, d). This
makes the O(d, d) compatibility condition Eq. (2.18) immediate, and displays the
generalised Lie derivative as a transport term plus an O(d, d) transformation.
Unlike the usual Lie derivative, the generalised Lie derivative is not antisymmetric
in U ↔ V . The skew-symmetrisation of Eq. (2.19) defines an antisymmetric bracket
[U, V ]MC ≡
1
2
(LUV − LV U)M , (2.22)
which we refer to as the C-bracket. (The “C” signifies that for ∂˜µ = 0 this bracket
matches what is known as the Courant bracket of generalised geometry.)
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The ordinary Lie derivative forms a closed algebra under the Lie bracket, [LU , LV ] =
L[U,V ]. We require the algebra of generalised Lie derivatives to behave similarly:
[LU ,LV ] = L[U,V ]C . (2.23)
However, if we compute this requirement on a generalised vector WM we get:
[LU ,LV ]WM = L[U,V ]CWM
+ ηNP ηQR
(
− (∂PV Q)(∂NUM )WR + (∂PUQ)(∂NVM )WR
− 1
2
(∂NW
M)(∂PU
Q)V R +
1
2
(∂NW
M )(∂PV
Q)UR
)
.
(2.24)
At first, this appears to be a failure: we do not have a closed algebra for arbitrary
UM and V M . For closure we must impose some consistency conditions (note that
this calculation also fixes the coefficients of the various terms in the definition of the
generalised Lie derivative). The standard way to do so is to restrict the coordinate
dependence of all quantities, so that the following condition is obeyed:
ηMN∂MΨ∂NΨ
′ = 0 (2.25)
where Ψ,Ψ′ stand for any fields or gauge parameters of the theory. This is known
as the strong constraint. There is also a weak constraint, which is:
ηMN∂M∂NΨ = 0 . (2.26)
This has an origin in string theory as arising from the level-matching constraint
acting on the massless fields. Collectively, these two constraints give the section
condition or section constraint of the theory, which we write as:
ηMN∂M ⊗ ∂N = 0 . (2.27)
Using the definition Eq. (2.16), this is saying that ∂µ ⊗ ∂˜µ + ∂˜µ ⊗ ∂µ = 0. The
obvious solution to this constraint is to say that in fact nothing depends on the
extra d coordinates x˜µ, i.e. to set ∂˜
µ = 0 acting on anything. In that case, the extra
coordinates x˜µ are a (useful) fiction which appear in this reformulation, but appear
to not have physical meaning. However, in string theory, we can interpret these extra
coordinates as being the coordinates conjugate to winding modes, in backgrounds
with compact cycles. They are then T-dual to the coordinates xµ in the compact
directions. For this reason, we will refer to the x˜µ as dual coordinates.
It may seem at this point that the constraint ∂˜µ = 0 appears to be of the same
nature as the Kaluza-Klein truncation condition Eq. (2.8). However the theory that
we are constructing is rather different in nature to a genuine Kaluza-Klein uplift.
The section condition solution ∂µ 6= 0, ∂˜µ = 0 is more than a truncation to the zero
mode sector; the strong constraint ηMN∂MΨ∂NΨ
′ = 0 forbids the existence of the
tower of Kaluza-Klein modes in the x˜µ directions that one would normally have. In
addition, picking a solution to Eq. (2.27) breaks the O(d, d) symmetry that would
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otherwise be present. We will return later to the interpretation of these doubled
coordinates, and the role of O(d, d), in string theory.
Assuming that the generalised vectors do not depend on the x˜µ, i.e. if we set
∂˜µ = 0, then letting UM = (uµ, λµ), V
M = (vµ, ηµ), the definition Eq. (2.19) is
equivalent to:
LUV = (Luv, Luη − ιvdλ) , (2.28)
using the ordinary Lie derivative, Lu, the exterior derivative d and the interior
product ι defined such that (ιvdλ)µ = 2v
ν∂[νλµ]. In particular, the vector part is just
the ordinary Lie derivative. We see from Eq. (2.28) that generalised vectors of the
form UM = (0, ∂µϕ), for ϕ an arbitrary scalar, do not generate any transformation.
These correspond to the trivial, or reducible, gauge transformations of the B-field.
Using the section condition, generalised vectors corresponding to trivial trans-
formations can be written as follows:
UM = ηMN∂Nϕ , (2.29)
and it follows using the section condition that generalised vectors of this form give
LU = 0 acting on anything. The symmetrisation of the generalised Lie derivative is
of this form:
{U, V }M ≡ 1
2
(LUV + LV U)M = 1
2
ηMN∂N (ηPQU
PV Q) . (2.30)
The presence of such trivial transformations is another important difference between
the generalised and ordinary Lie derivatives. One place such transformations appear
is when one checks whether the C-bracket obeys the Jacobi identity. Unlike the Lie
bracket, the C-bracket does not obey Jacobi, even on imposing the section condition,
but instead corresponds to a generalised vector generating a trivial transformation:
[[U, V ]C ,W ]C + cyclic =
1
3
{[U, V ]C ,W}+ cyclic . (2.31)
Hence the Jacobi identity holds acting on fields.
2.2.2 Generalised metric and dilaton
We now define fields with definite tensorial properties under generalised diffeomor-
phisms. We define the generalised metric as a rank two symmetric generalised tensor,
transforming as
δΛHMN = LΛHMN = ΛP∂PHMN + 2∂(MΛPHN)P − 2ηPQηK(M |∂PΛKH|N)Q ,
(2.32)
and itself defining an element of O(d, d) via the compatibility requirement:
HMKηKLHLN = ηMN , (2.33)
This requirement plus imposing that HMN is symmetric implies that it parametrises
the coset O(d,d)O(1,d−1)×O(1,d−1) , which has d
2 components. We can compare this to
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the ordinary d-dimensional metric parametrising GL(d)SO(1,d−1) , where the denominator
subgroup is the local Lorentz symmetry.
The d2 components of the metric g and B-field B now appear as components of
the generalised metric, which can be parametrised as:
HMN =
(
gµν −BµρgρσBσν Bµρgρν
−gµρBρν gµν
)
, (2.34)
If we solve the section condition Eq. (2.27) by imposing ∂˜µ = 0 then it is a straight-
forward calculation to check that the components of Eq. (2.32) evaluated on the
parametrisation Eq. (2.34) of the generalised metric reproduce the standard diffeo-
morphism and gauge transformations of g and B.
We now want to construct an action from which the dynamics will derive. For
consistency, we have to introduce an additional degree of freedom, analogous to the
Kaluza-Klein scalar. The generalised metric Eq. (2.34) has unit determinant, which
precludes us from writing down an invariant measure. We therefore introduce a scalar
d such that e−2d has weight one; it transforms under generalised diffeomorphisms
as
δΛe
−2d = ∂M (ΛMe−2d) . (2.35)
We can therefore identify it with
e−2d = e−2Φ
√
|g| , (2.36)
where Φ is an ordinary scalar field. We will refer to d as the generalised, or doubled,
dilaton.
As our theory is not invariant under GL(2d) diffeomorphisms, its dynamics do not
follow from the usual Einstein-Hilbert action. Although one can construct notions of
generalised connections and curvatures, it is also possible to proceed by brute force:
writing down a combination of all fully contracted terms quadratic in derivatives of
HMN and d and fixing their coefficients by the requirement that this be a scalar under
generalised diffeomorphisms (up to terms which vanish by the section condition).
Remarkably, there is a unique solution:
SDFT =
∫
dX e−2dRDFT(H,d) (2.37)
with
RDFT = 1
8
HMN∂MHPQ∂NHPQ − 1
2
HMN∂MHPQ∂PHQN
+ 4∂MHMN∂Nd− 4HMN∂Md∂Nd
− ∂M∂NHMN + 4HMN∂M∂Nd .
(2.38)
This is the action of double field theory. It has been developed in [16–21].
On inserting the parametrisations Eq. (2.34) and Eq. (2.36) of the generalised
metric and scalar, and setting ∂˜µ = 0, this recovers the following action:
S =
∫
ddx
√−ge−2Φ
(
R(g)− 1
12
HµνρH
µνρ + 4∇µ∇µΦ− 4∇µΦ∇µΦ
)
. (2.39)
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Observe that just as in Kaluza-Klein reduction, we arrive not just at an arbitrary
theory of a metric and two-form, but one in which the couplings to the scalar are of
a very particular form.
This action is well-known in string theory. For d = 26, it describes the low energy
effective action for the massless fields of the bosonic string. For d = 10, it describes
the low energy effective action for the massless fields in the NSNS sector of the type
II superstring. In this case, we refer to the metric as being in string frame, meaning
that there is a factor of e−2Φ multiplying the Einstein-Hilbert term. The scalar Φ is
the string dilaton.
The action Eq. (2.39) exhibits no obvious signs of the O(d, d) symmetry. However,
if we Kaluza-Klein reduce this action onD dimensions, an O(D,D) duality symmetry
is present in the reduced theory. This is the T-duality symmetry of string theory on
a D-dimensional torus. Here we have found that we can much more generally use a
reformulation based around O(d, d) to describe the full theory in any background!
Indeed, it was searching for “duality symmetric” reformulations of string theory
and supergravity that first led to the development of double field theory, as was
historically pioneered in [16,17,24–26]. In string theory, these coordinates x˜µ appear
as the coordinates conjugate to string winding modes on a torus as in the deriva-
tion of [18]. The full double field theory with the section constraint applied is not
restricted to such backgrounds, however in this case the dual coordinate dependence
is restricted by the strong section constraint.
Finally, let us say something about the field equations for double field theory.
That for the generalised dilaton, d, can be directly found to be:
RDFT = 0 . (2.40)
The field equation for the generalised metric must be obtained more carefully. This
is because any variation of the field HMN must respect the fact it is O(d, d) valued.
Varying the O(d, d) compatibility condition Hη−1H = η implies that the variation
of the generalised metric is projected,
δHMN = PMNKLHKL , PMNKL = 1
2
(δ
(K
M δ
L)
N −HMP ηP (KηNQHL)Q) . (2.41)
(Note that HMPηPN = ηMPHPN .) Hence formally the equations of motion are:
RMN ≡ PMNKL δS
δHKL = 0 , (2.42)
which geometrically define a generalised Ricci tensor.
2.2.3 Solving the section condition
We will re-encounter DFT later on in this review, when we consider its (standard
and exotic) brane solutions in sections 6 and 7, as well as some interesting non-
Riemannian solutions to its field equations in section 8. Here we encourage the
reader to view it as a simpler prototype of the ideas of ExFT that we will now
develop in more depth. For further reading on DFT, we refer to the reviews [27–29].
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We will now just make some comments about the nature of the section condition.
These comments will also apply to exceptional field theory.
The DFT description does not assume any Kaluza-Klein reduction, and instead
extends the geometry by introducing the generalised Lie derivative. We can con-
veniently describe the extended geometry in terms of the extra coordinates XM ,
whose physical nature is restricted by the imposition of the section condition. In a
genuinely toroidal background, where we have ∂M = 0 and a true O(d, d), the extra
coordinates should be thought of as being conjugate to string winding modes.
In general, how should we interpret the section condition? Let’s consider DFT for
simplicity. We saw above that Eq. (2.27) may be solved by imposing ∂˜µ = 0 acting
on all fields and gauge parameters. This resembles the form of the Kaluza-Klein
constraint, but the strong constraint means that this is more than a truncation to
the zero mode sector: we are really killing off all coordinate dependence on the x˜µ.
However, if we start with the doubled description, we can equally well solve the
section condition by taking:
∂µ = 0 . (2.43)
Then we view the x˜µ as the physical coordinates.
How do we interpret these different choices in satisfying the constraint Eq. (2.27)?
There are in fact two distinct issues. We must be able to solve simultaneously the
equations of motion and the section constraint, and we should identify what we
call spacetime.1 Spacetime should be a half-dimensional submanifold of the doubled
space. The natural thing to do is to use the solution of the section condition to
determine our choice of how we identify spacetime inside the doubled space. (This is
not required by double field theory but doing so allows a supergravity interpretation
of the solution.)
If we have a solution to the equations of motion of DFT that does not depend
on a coordinate or its dual i.e. all fields are independent of some particular pair of
coordinates x and x˜ then there is an ambiguity in identifying spacetime inside the
doubled space. One can take x as being the spacetime coordinate and the space
having an isometry in the x direction or x˜ as being the spacetime coordinate and
the space having an isometry in the x˜ direction.
These alternative perspectives in the presence of isometries of spacetime lead to
the conventional notion of T-duality. From the double field theory point of view
T-duality is just an ambiguity in identifying the spacetime submanifold inside the
double space. Supposing that x and x˜ parametrise a doubled torus, with R the radius
of the x circle, the O(1, 1) generalised metric is HMN = diag(R2, 1/R2). When we
declare that x is the physical coordinate we interpret this as HMN = diag(gxx, gxx),
however if we take x˜ to be the physical coordinate then we would view HMN =
diag(g˜x˜x˜, g˜x˜x˜) and the physical metric is g˜x˜x˜ = 1/R
2 (here we kept the generalised
metric fixed but changed which components of generalised vectors correspond to
spacetime vectors, we can also take the opposite point of view). In this way we
1A frequently asked question is whether it is possible to impose the section condition on-shell.
This would be preferable to imposing it by hand on all field configurations, however so far such an
approach has not been realised.
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see the standard radius inversion T-duality from the point of view of DFT. For d
isometries the duality group then becomes O(d, d) as a change in choice of identifying
the spacetime coordinates becomes an O(d, d) transformation on HMN .
2.3 Exceptional field theory
The next stage is to repeat with a three-form theory what we just did with one-
and two-forms. This is a more tricky problem. The gauge transformations of a
three-form Cijk are:
δCijk = 3∂[iλjk] . (2.44)
(In this section, we shift our notation somewhat, and denote d-dimensional space-
time indices by i, j, . . . .) We want to combine the two-form gauge parameters, λij,
with vectors vi, to again obtain generalised vectors ΛM = (vi, λij). The number
of components of a generalised vector is now d + 12d(d − 1). The counting suggests
that these could arise from an antisymmetric representation of the group GL(d+1),
rather than a vector representation as in Kaluza-Klein theory (and also as for O(d, d)
in double field theory).
Meanwhile, the metric and three-form have 12d(d+1)+
1
6d(d− 1)(d− 2) compo-
nents. In general, this does not naturally fit into a GL(d+ 1) metric. We are forced
to pick out d = 4 (which happens to the smallest value of d for which we can define
the field strength Fijkl = 4∂[iCjkl]). In this case, the metric and three-form together
comprise 14 independent components. This matches the number of components of
a symmetric unit determinant five-by-five matrix and hence of the coset SL(5)SO(5) (for
convenience, we assume implicitly here that our metric has Euclidean signature; the
theory we will obtain below will be viewed as a truncation from a larger theory
of Lorentzian signature). If we further include, again, an extra scalar, this can be
described by a GL(5) metric. We will for now ignore this scalar and introduce it
separately below, in order to more closely follow our description of DFT.
2.3.1 Generalised diffeomorphisms
We will now describe the SL(5) theory. Let M,N , · · · = 1, . . . , 5 denote five-
dimensional indices. our generalised vectors are in fact ten-dimensional (with four
vector and six two-form components). Geometrically, these are sections of an ex-
tended tangent bundle, TM ⊕ Λ2T ∗M [30]. We define a generalised vector ΛMN =
−ΛNM with components
Λi5 = vi , Λij =
1
2
ǫijklλkl , (2.45)
where ǫijkl with ǫ1234 = 1 is the alternating symbol. We then further extend our
theory, again along Kaluza-Klein lines, by introducing dual coordinates x˜ij with
a pair of antisymmetric indices; we group these with the original coordinates into
an antisymmetric set of coordinates XMN = −XNM with components Xi5 = xi,
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Xij = 12ǫ
ijklx˜kl. We define derivatives ∂MN , with components ∂i5 = ∂i and ∂ij =
1
2ǫijkl∂˜
kl.2
We could define the ordinary Lie derivative involving two ten-dimensional gen-
eralised vectors, but this would give a GL(10) Lie derivative and not capture the
symmetries we want. Instead, let’s think about the group SL(5). This has the to-
tally antisymmetric invariants ǫMNPQK and ǫMNPQK. A generalised Lie derivative
which preserves these invariants is defined by [31,32]:
LΛWM = 1
2
ΛPQ∂PQWM −WP∂PQΛMQ + 1
5
∂PQΛPQWM , (2.46)
acting on a field WM carrying a single five-dimensional index. The factor of 1/2
in the first term is inserted to prevent overcounting. Using the Leibniz rule, this
implies on a second generalised vector VMN we have:
LΛVMN = 1
2
ΛPQ∂PQVMN − 1
2
V PQ∂PQΛMN
+
1
8
ǫMNPQT ǫKLRST ∂PQΛKLV RS − 1
5
1
2
∂PQΛPQVMN ,
(2.47)
or in terms of a single 10-dimensional index M ≡ [MN ], letting V M ≡ VMN ,
ΛM ≡ ΛMN , we can write
LΛVM = ΛN∂NVM − V N∂NΛM + YMNPQ∂NΛPV Q − 1
5
∂NΛ
NVM . (2.48)
letting YMNPQ ≡ ǫMNKǫPQK. We can compare Eq. (2.48) to Eq. (2.32). The final
weight term with the 15 coefficient is a consequence of choosing to define an SL(5)
rather than GL(5) Lie derivative. In practice it is convenient to eliminate this from
many expressions by declaring all generalised vectors to have weight +15 (note this
means ∂M has weight −15).
The consistency of the theory, in particular closure of the algebra generated by
generalised Lie derivatives, again requires a section condition, which this time takes
the form:
ǫMNPQK∂MN∂PQΨ = 0 , ǫMNPQK∂MNΨ∂PQΨ′ = 0 , (2.49)
where again Ψ,Ψ′ stand for any quantities in the theory.
The solution of this constraint which returns us to the d-dimensional theory is
∂˜ij = 0. Again, though the requirement ∂˜ij = 0 appears to be of the same nature
as the Kaluza-Klein truncation condition Eq. (2.8), this is really a more stringent
condition.
In this case, for two generalised vectors UM = (u, λ(2)), V
M = (v, η(2)) viewed
as pairs of vectors u, v and two-forms λ(2), η(2), the generalised Lie derivative is
LUV = (Luv, Luη(2) − ιvdλ(2)) , (2.50)
2This dualisation using the alternating symbol is convenient when using the five-dimensional
indices to construct the antisymmetric representation (we could instead write directly ΛM = (vi, λij)
with mixed upper and lower indices).
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which is the direct generalisation of the O(d, d) expression Eq. (2.28).
We will discuss the further properties of generalised Lie derivatives of this form
in section 4, and move on now to describing the metric and three-form in this new
SL(5) extended geometry.
2.3.2 Generalised metric
We define a SL(5)-valued generalised metric mMN which is symmetric and has unit
determinant. This means we should take it to have weight zero under the above
SL(5) generalised diffeomorphisms. One way to parametrise this generalised metric
is [33]
mMN =
(
g−2/5gij −g−2/5gikCk
−g−2/5gjkCk g3/5 + g−2/5gklCkC l
)
, Ci ≡ 1
3!
ǫijklCjkl . (2.51)
Now acting with the generalised Lie derivative on mMN , we find that for ∂˜ij = 0
and ΛMN = (vi, 12ǫ
ijklλkl) we recover the expected symmetry transformations of the
metric and three-form.
In order to write an action, we introduce a scalar ∆ such that e−2∆ has weight
7
5 under generalised diffeomorphisms. (This funny choice of weight is a consequence
of again working with an SL(5) compatible generalised Lie derivative.) This can be
expressed in terms of a scalar field ϕ and the determinant of the metric as:
e−2∆ = e−2ϕ|g|7/10 . (2.52)
We can write the action most compactly by introducing a ten-by-ten representation
of the generalised metric:
MMN ≡MMM′,NN ′ = 2mM[NmN ′]M′ . (2.53)
The parametrisation of MMN resulting from Eq. (2.51) is:
MMN = |g|
1
5
(
gik +
1
2CimnCk
mn 1
2Ci
mnǫklmn
1
2Ck
mnǫijmn 2|g|gi[kgl]j
)
, (2.54)
where indices on the three-form are raised using gij . This is the direct generalisation
of the O(d, d) generalised metric, compare with Eq. (2.34). Using MMN and ∆,
we can then search for a quantity quadratic in derivatives which is a scalar under
generalised diffeomorphisms (up to terms vanishing by the section condition). The
result leads to the action:
S =
∫
d10X e−2∆
( 1
12
MMN∂MMKL∂NMKL − 1
2
MMN∂MMKL∂KMLN
+
24
7
(
∂MMMN∂N∆−MMN∂M∆∂N∆+MMN∂M∂N∆
)
− ∂M∂NMMN
)
.
(2.55)
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Truncating the coordinate dependence via ∂˜ij = 0 we obtain
S =
∫
d4x
√
|g|e−2ϕ
(
R(g)− 1
48
FijklF
ijkl +
24
7
gij∂iϕ∂jϕ
)
. (2.56)
Now we should ask if this result is familiar from string theory or – given that a three-
form couples not to strings but to membranes – M-theory. The place we should look
to find a theory with a metric and a three-form is 11-dimensional supergravity [10].
The bosonic part of the action for this theory is
S =
∫
d11x
√
|gˆ|
(
R(gˆ)− 1
48
FˆµˆνˆρˆσˆFˆ
µˆνˆρˆσˆ
)
+
∫
d11x
1
1442
ǫµˆ1...µˆ11Fˆµˆ1...µˆ4Fˆµˆ5...µˆ8Cˆµˆ9...µˆ11 ,
(2.57)
where xµˆ denote the 11-dimensional coordinates. It can be checked that the action
Eq. (2.56) is a truncation of this theory to four-dimensions, assuming that the full
11-dimensional metric gˆµˆνˆ and three-form Cˆµˆνˆρˆ are of the form
dsˆ211 = e
−47ϕηµνdxµdxν + gijdxidxj ,
Cˆ3 =
1
6
Cijkdx
i ∧ dxj ∧ dxk ,
(2.58)
and that no fields depend on the seven-dimensional coordinates xµ. (Here ηµν de-
notes a seven-dimensional Minkowskian constant metric.) The action Eq. (2.56) was
first obtained (modulo the absence of the extra scalar) in [34], while the truncation
Eq. (2.58) is as in [35, 36].
Why does SL(5) appear? Suppose we made the opposite truncation of 11-
dimensional supergravity: assuming there was no coordinate dependence on the
directions xi and Kaluza-Klein reducing. Then we would obtain a seven-dimensional
theory with an SL(5) U-duality symmetry. Here we have managed to do the opposite
and still found that the structure of the theory is controlled by SL(5)!
In general, if we reduce eleven-dimensional supergravity on a d-dimensional torus,
we obtain an n-dimensional theory (n = 11−d) with a symmetry of the group Ed(d).
These are the U-duality symmetry groups which we listed in table 1. For d = 6, 7, 8
we obtain the exceptional Lie groups of Cartan’s classification, while for d ≤ 5 we
have by definition E5(5) = SO(5, 5), E4(4) = SL(5), E3(3) = SL(3) × SL(2). For
d = 9, there is an infinite dimensional symmetry, based on the affine Lie algebra E9.
For d > 9, it is conjectured that there is a symmetry based on the further infinite-
dimensional Lie algebra extensions defined through the generalisations of the Ed(d)
Dynkin diagram, the maximal case being E11 [37].
For this exceptional sequence of groups, actions of the form Eq. (2.55) can be ob-
tained, based on a notion of Ed(d) generalised diffeomorphisms, and with generalised
metrics which are elements of
Ed(d)
Hd
, where Hd is the maximal compact subgroup
listed in table 1. These theories, first developed for instance in [34–36, 38–41], are
equivalent to truncations of eleven-dimensional supergravity. For d > 4, these trun-
cations involve not only the three-form, but components of its electromagnetic dual
six-form, which is required for the representation theory to work.
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In order to go beyond truncations, the full exceptional field theory includes also
the n-dimensional spacetime that we ignored in making the truncation Eq. (2.58).
We replace the scalar ∆ with the extra degrees of freedom needed to describe the
full eleven-dimensional metric and three-form. These extra degrees of freedom are
the n-dimensional external metric and a “tensor hierarchy” of fields carrying both
n-dimensional and Ed(d) indices, denoted by AµM , Bµν (MN), . . . . These can be
thought of as generalisations of p-forms.
The full exceptional field theories were first developed in [42–45] for the cases of
E6(6), E7(7) and E8(8), and then extended to the other lower rank groups in [46–49]
(and more recently have been partially extended to the infinite-dimensional cases
in [50–52]).
These theories are all restricted by versions of the section condition. It turns out
that there are two distinct ways to solve this condition [38,43,53]. One of these takes
d of the extended coordinates to be physical, and reduces exceptional field theory
to 11-dimensional supergravity (which can be reduced to 10-dimensional type IIA
supergravity). The other takes d−1 of the extended coordinates to be physical, and
reduces exceptional field theory to 10-dimensional type IIB supergravity. These two
solutions cannot be related into each other by an Ed(d) transformation.
Hence exceptional field theory provides, via the introduction of an extended or
exceptional geometry based on Ed(d) generalised diffeomorphisms, a unification of the
11- and 10-dimensional maximal supergravities, as well as a higher-dimensional origin
of the Ed(d) symmetries that appear as the U-dualities on dimensional reduction. The
next part of this review will develop exceptional field theory in more detail.
3 Supergravity decompositions and Ed(d)
In this section, we will take a closer look at 11-dimensional supergravity. We will
make an (n + d)-dimensional split of the coordinates, and rewrite the fields, sym-
metries and action in a form adapted to Kaluza-Klein reduction, without actually
carrying out any truncation of the coordinate dependence or making any assump-
tions about the backgrounds we are describing. This will introduce many features
which are important for understanding the structure of exceptional field theory, and
will also be necessary for precisely matching the latter to supergravity. Here we
follow loosely the presentation of [43] and also draw on the Kaluza-Klein “gauging”
perspective stressed in [54]. In addition, by making this split we will see the first
signs of a natural reorganisation of the field content into Ed(d) multiplets.
3.1 Revisiting Kaluza-Klein
3.1.1 The decomposition of the metric
First, we will revisit Kaluza-Klein reductions of pure gravity. We start with a metric
gˆµˆνˆ in (n+d) dimensions, whose dynamics is governed by the Einstein-Hilbert term.
We are going to rewrite this theory in an unfamiliar fashion: as if we are going to
perform a Kaluza-Klein reduction, but without actually truncating the coordinate
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dependence. We split the coordinates into n “external” coordinates and d “internal”
coordinates and mimic the decomposition we would do if we were going to reduce
on the d “internal” directions. However, we assume throughout that all fields depend
on all (n + d) coordinates.
Accordingly, we split the (n+d)-dimensional index as µˆ = (µ, i), where µ is an n-
dimensional index and i a d-dimensional index. A Kaluza-Klein-esque decomposition
of the metric is
gˆµν =
(
φωgµν +Aµ
kφklAν
l φjkAµ
k
φikAν
k φij
)
, (3.1)
with gµν the external metric, φij the internal metric, and Aµ
i the Kaluza-Klein
vector. A factor of the determinant φ ≡ detφ of the internal metric appears in
the decomposition of the external metric components, raised to a power ω. This is
convenient for controlling whether the action viewed in n-dimensional terms is in
Einstein frame or not. If we take
ω = − 1
n− 2 (3.2)
then we will obtain the n-dimensional Ricci scalar with no powers of the determinant
φ multiplying it.3
The price we pay for splitting the coordinates in this fashion, and writing the
metric as in Eq. (3.1), is that we fix the local Lorentz symmetry, SO(1, n+ d− 1)→
SO(1, n−1)×SO(d). The Lorentz gauge fixing underlying the metric parametrisation
of Eq. (3.1) is made explicit by writing the vielbein and its inverse
eˆaˆµˆ =
(
φ
ω
2 eaµ 0
Aµ
jφj¯ j φ
j¯
j
)
, eˆµˆaˆ =
(
φ−
ω
2 eµa 0
−φ−ω2 eνaAν i φii¯
)
, (3.3)
where eaµe
b
νηab = gµν and φ
i¯
iφ
j¯
j δ¯ij¯ = φij , i.e. a, b, . . . denote flat SO(1, n − 1)
indices and i¯, j¯, . . . denote flat SO(d) indices.
We require that the lower triangular form of eˆaˆµˆ be preserved under symmetry
transformations. Diffeomorphisms act on the vielbein as
δΛˆeˆ
aˆ
µˆ = Λˆ
νˆ∂νˆ eˆ
aˆ
µˆ + ∂µˆΛˆ
νˆ eˆaˆνˆ . (3.4)
We stress again we make no assumptions about the coordinate dependence. Then,
under d-dimensional diffeomorphisms, with Λˆµˆ = (0,Λi), the form Eq. (3.3) of the
vielbein is preserved, and we find
δΛe
a
µ = LΛe
a
µ = Λ
k∂ke
a
µ − ω∂kΛkeaµ ,
δΛAµ
i = DµΛ
i ,
δΛφ
i¯
i = LΛφ
i¯
i = Λ
j∂jφ
i¯
i + ∂iΛ
jφi¯j .
(3.5)
3In order to go from 10-dimensional string frame (where the dilaton appears multiplying the
Ricci scalar as e−2ΦR) to n-dimensional Einstein frame, we should replace φωgµν → φ
ωe−4Φωgµν .
This is important because U-dualities are manifest in lower-dimensional Einstein frame, while T-
dualities are manifest in lower-dimensional string frame, for which we would accordingly use the
same decomposition but with ω = 0.
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We define LΛ to be the internal Lie derivative acting as usual on fields carrying
internal indices, where the internal vielbein φi¯i has weight 0, but the external viel-
bein eaµ has weight −ω. In the transformation of the Kaluza-Klein vector Aµi we
introduce
Dµ ≡ ∂µ − LAµ , (3.6)
which is an n-dimensional derivative made covariant under d-dimensional diffeomor-
phisms, with Aµ
i the connection. Covariance means that if T is some quantity which
transforms tensorially under d-dimensional diffeomorphisms, δΛT = LΛT , then so
does DµT , i.e. δΛDµT = LΛDµT . We can define a field strength
Fµν
i = 2∂[µAν]
i − 2A[µ|j∂jA|ν]i , (3.7)
which appears in the commutator [Dµ,Dν ] = −LFµν .
If we were to impose the Kaluza-Klein reduction condition ∂i = 0, then the
transformation Eq. (3.5) of the fields reduces to a standard U(1)d transformation of
Aµ
i under Λi(x), and the field strengths Eq. (3.7) take the usual abelian form. The
second term in Eq. (3.7) can be thought of as a non-Abelian modification in the pres-
ence of the infinite-dimensional gauge symmetry corresponding to diffeomorphisms
Λi(x, y) depending on both the n- and d-dimensional coordinates.
Under n-dimensional diffeomorphisms, generated by Λˆµˆ = (ξµ, 0), a vielbein
component eˆai 6= 0 is generated. This does not preserve our gauge fixing. We must
therefore remove this with a compensating (infinitesimal) Lorentz transformation of
the form
δλˆeˆ
aˆ
µˆ = λ
aˆ
bˆeˆ
bˆ
µˆ , λ
a
i¯ = −φii¯∂iξνφ
ω
2 eaν = −δ¯ij¯ηabλj¯ b . (3.8)
The resulting expressions are not manifestly covariant under internal diffeomor-
phisms. This can be improved by applying also a field-dependent internal diffeo-
morphism Λi = −ξνAν i. The result of external diffeomorphisms plus compensating
Lorentz and field-dependent internal diffeomorphisms is then
δξe
a
µ = ξ
νDνe
a
µ +Dµξ
νeaν ,
δξAµ
i = ξνFνµ
i + φωφijgµν∂jξ
ν ,
δξφ
i¯
i = ξ
νDνφ
i¯
i .
(3.9)
When ∂i = 0, the total symmetry transformation of Aµ
i coming from Eq. (3.5) and
Eq. (3.9) has the form of Eq. (2.4).
3.1.2 Including p-forms
Let’s discuss the general treatment of form-fields in line with the above decomposi-
tion. As well as simply splitting the indices of the form fields, we will also redefine
them systematically in order to obtain fields with more natural symmetry transfor-
mations. The procedure is to first flatten the indices with the vielbein, such that for
instance for a one-form Ωˆµˆ we define Ωˆa and Ωˆi¯ by
Ωˆa ≡ eˆaµˆΩˆµˆ = φ−
ω
2 ea
µ(Ωˆµ −AµiΩˆi) , Ωˆi¯ ≡ eˆi¯ µˆΩˆµˆ = φi¯iΩˆi , (3.10)
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and then unflatten using eˆµ
a (not eˆµ
aˆ) and eˆi
i¯, in order to obtain the following
redefined form fields
Ωµ ≡ Ωˆµ −AµiΩˆi , Ωi ≡ Ωˆi . (3.11)
This ensures that the components carrying external indices transform nicely under
internal diffeomorphisms, δΛΩi = LΛΩi and δΛΩµ = LΛΩµ where Ωi is a covector of
zero weight and Ωµ a scalar of zero weight with respect to the internal Lie derivative.
The field strength and gauge transformation parameters of the form-field can be
similarly redefined, as we will soon see.
Let’s apply this to the case of a three-form, Cˆµˆνˆρˆ, which is relevant for 11-
dimensional SUGRA. We make the following redefinition of its components
Cijk = Cˆijk ,
Cµij = Cˆµij −AµkCˆkij ,
Cµνi = Cˆµνi − 2A[µkCˆν]ik +AµkAνlCˆikl ,
Cµνρ = Cˆµνρ − 3A[µkCˆνρ]k + 3A[µkAνlCˆρ]kl −AµkAν lAρmCˆklm ,
(3.12)
and do the same for the field strengths, leading to the expressions
Fmnpq = 4∂[mCnpq] ,
Fµmnp = DµCmnp − 3∂[mC|µ|np] ,
Fµνmn = 2D[µCν]mn + Fµν
pCpmn + 2∂[mC|µν|n] ,
Fµνρm = 3D[µCνρ]m + 3F[µν
nCρ]mn − ∂mCµνρ ,
Fµνρσ = 4D[µCνρσ] + 6F[µν
mCρσ]m .
(3.13)
A consequence of these redefinitions is the resulting field strengths obey modified
Bianchi identities
DµFmnpq = 4∂[mFnpq] ,
2D[µFν]mnp = −3∂[m|Fµν|np] − FµνqFqmnp ,
3D[µFνρ]mn = 2∂[m|Fµνρ|n] + 3F[µνpFρ]pmn ,
4D[µFνρσ]m = −∂mFµνρσ + 6F[µνpFρσ]mp ,
5D[µFνρσλ] = 10F[µν
mFρσλ]m .
(3.14)
Excluding the transformation under external diffeomorphisms, which is more com-
plicated and not immediately relevant for us, the gauge transformations of the above
fields are as follows.
• Under internal diffeomorphisms, the redefined components of the three-form,
C, transform according to their index structure via the internal Lie derivative,
i.e. for example δΛCµνi = Λ
k∂kCµνi + ∂iΛ
kCµνk. (The redefinition Eq. (3.12)
guarantees that no terms involving ∂µΛ
i appear.) Under these transforma-
tions the field strengths are covariant, also transforming under internal Lie
derivatives (and hence are invariant when setting ∂i = 0).
32
• The original three-form transformed under abelian gauge transformations as
δλˆCˆµˆνˆρˆ = 3∂[µˆλˆνˆρ]. Redefining λˆ in the same way,
λij = λˆij ,
λµi = λˆµi −Aµkλki ,
λµν = λˆµν + 2A[µ
kλˆν]k +Aµ
kAµ
lλˆkl ,
(3.15)
we have
δλCijk = 3∂[iλjk] ,
δλCµij = Dµλij − 2∂[iλ|µ|j] ,
δλCµνi = 2D[µλν]i − λijFµνj + ∂iλµν ,
δλCµνρ = 3D[µλνρ] − 3F[µνkλρ]k .
(3.16)
Under these transformations the field strengths are invariant (by definition).
Note that by using the vielbein in this fashion, various calculations become sim-
pler by first going to flat indices before carrying out the split of the indices. For
instance,
ΩˆµˆΩˆνˆ gˆ
µˆνˆ = ΩˆaΩˆbη
ab + Ωˆi¯Ωˆj¯δ
i¯j¯
= ΩˆaΩˆbg
µνeµ
aeν
b + Ωˆi¯Ωˆj¯φi
i¯φj
j¯φij
= φ−ωΩµΩνgµν + φijΩiΩj .
(3.17)
Most relevantly, for a p-form field strength Fˆµˆ1...µˆp redefined as above we will get
1
p!
Fˆµˆ1...µˆp Fˆ
µˆ1...µˆp =
p∑
q=0
1
q!(p − q)!φ
−qωFµ1...µqi1...ip−qF
µ1...µqi1...ip−q , (3.18)
using gµν and φij to raise indices.
3.2 Decomposition of 11-dimensional supergravity
Now we want to illustrate the outcome of the above procedure for the bosonic part
of the action of 11-dimensional supergravity. This action is
S =
∫
d11x
(√
|gˆ|
[
R(gˆ)− 1
48
Fˆ µˆνˆρσFˆµˆνˆρˆσˆ
]
+
1
1442
ǫµˆ1...µˆ11 Fˆµˆ1...µˆ4Fˆµˆ5...µˆ8Cˆµˆ9µˆ10µˆ11
)
,
(3.19)
where Fˆµˆνˆρσ = 4∂[µˆCˆνˆρˆσˆ].
There are several ways to calculate the decomposition of the action. We will not
give details (see [43] for one way to do it) but merely state that the result, entirely
equivalent to Eq. (3.19), can be organised into
S =
∫
dnxddY
√
|g|
(
Rext(g) + Lkin + L1 + L2 + L3 + Lint +
√
|g|−1LCS
)
,
(3.20)
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where we group the terms as follows. First, the (improved) external Ricci scalar
(ignoring total derivatives) is
Rext(g) =
1
4
gµνDµgρσDνg
ρσ − 1
2
gµνDµg
ρσDρgνσ
+
1
4
gµνDµ ln gDν ln g +
1
2
Dµ ln gDνg
µν ,
(3.21)
which includes contributions involving the Kaluza-Klein vector Aµ
i via the deriva-
tives Dµ = ∂µ − LAµ . Secondly, we have “kinetic terms” for the purely internal
fields
Lkin = +1
4
Dµφ
ijDµφij − 1
4(n− 2)Dµ lnφD
µ lnφ− 1
12
FµijkFµijk . (3.22)
Then we have kinetic terms for 1-forms, 2-forms and 3-forms
L1 = −1
4
φ
1
n−2FµνiFµνi − 1
8
φ
1
n−2FµνijFµνij , (3.23)
L2 = − 1
12
φ
2
n−2FµνρiFµνρi , (3.24)
L3 = − 1
48
φ
3
n−2FµνρσFµνρσ , (3.25)
We use the internal metric φij and its inverse to raise and lower internal indices, and
the external metric gµν and its inverse to raise and lower external indices. Finally,
we have terms involving solely internal derivatives
Lint = φ−
1
n−2
(
1
4
φij (∂ig
µν∂jgµν + ∂i ln g∂j ln g) +
1
2
φ
1
n−2∂i(φijφ
− 1n−2 )∂j ln g
+
1
4
φij∂iφkl∂jφ
kl − 1
2
φij∂jφ
kl∂kφil
+
1
4
4− n
(n− 2)2φ
ij∂i lnφ∂j lnφ− 1
n− 2∂i lnφ∂jφ
ij .
− 1
48
F ijklFijkl
)
.
(3.26)
The details of the Chern-Simons term are best presented on a case-by-case basis.
How do we interpret this result?
One immediate application is that we have rewritten the theory in a way which
makes Kaluza-Klein reduction immediate. Imposing the truncation ∂i = 0, we find
an n-dimensional theory consisting of a metric, various p-forms, and scalars. This
theory inherits a GL(d) global symmetry acting on the d-dimensional indices i, j in
the obvious way. This is a global “duality” symmetry that the n-dimensional theory
has inherited from its higher-dimensional origin. Indeed, if we let n = 4 and d = 1
in Eq. (3.20), and drop the three-form, we immediately recover our earlier reduction
Eq. (2.9) for ∂i = 0.
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Now let’s return from n to n + d dimensions. We reinstate the dependence on
the d-dimensional coordinates in all fields and symmetry parameters. The global
GL(d) is augmented to the local GL(d) of d-dimensional diffeomorphisms, which are
generated by the d-dimensional vectors Λi(x, y). Looking at the action Eq. (3.20)
and the symmetry transformations Eq. (3.9) and Eq. (3.5) we see that the effect of
turning back on the dependence on the d-dimensional coordinates is to realise this
“gauging” by the replacement ∂µ → Dµ = ∂µ−LAµ , modifying the standard Kaluza-
Klein field strength Fµν
i = 2∂[µAν]
i to the definition Eq. (3.7), and generating the
additional terms Lint, such that the whole action is invariant under both d- and
n-dimensional diffeomorphisms.
This pure gravity theory in the (n+d) split could be called the GL(d) exceptional
field theory. Starting with an n-dimensional theory with a global GL(d) symmetry,
and U(1) gauge fields transforming under this GL(d), it realises the local diffeo-
morphism and gauge symmetries in terms of GL(d) diffeomorphisms of the higher-
dimensional theory. Furthermore, it exhibits the origin of the lower-dimensional
GL(d) symmetry manifestly, without reducing.
Of course, this is an entirely convoluted way to think about Kaluza-Klein re-
ductions and oxidations. That is because we understand very well the geometry of
theories with metrics, and also understand very well the geometry of one-form gauge
fields.
In a generic theory, that would be the end of the story. However, in Kaluza-Klein
reductions of 11-dimensional supergravity, the metric and 3-form components con-
spire to transform under global duality symmetries that enhance the naive GL(d) to
the Ed(d) U-duality symmetry. In particular, the Kaluza-Klein one-forms Aµ
i com-
bine with the form field components to give a set of one-forms AµM = (Aµi, Cµij , . . . )
which transform in a representation of the duality group. One way to view excep-
tional field theory, as emphasised particularly in [54], is as the result of “gauging”
this global symmetry, using the whole set of one-forms AµM , replacing ∂µ → Dµ =
∂µ − LAµ , where L is the generalised Lie derivative.
From the point of view that we introduced in section 2, there is then first of
all the generalised Kaluza-Klein interpretation of the d-dimensional “internal” fields,
here denoted φij and Cijk, which unify into the generalised metric MMN and trans-
form under generalised diffeomorphisms. To enlarge our theory to include the n-
dimensional internal space, we have to introduce the gauge fields AµM (in order to
covariantise n-dimensional partial derivatives) in which case the full theory resembles
a Kaluza-Klein decomposition of an even larger theory, with external metric, gµν ,
Kaluza-Klein vector AµM and internal metric MMN . The irreducible complexity
coming from the fact our original supergravity contained p-form fields for p > 1 will
now enter in the need to introduce a tensor hierarchy of additional n-dimensional
forms, which will be necessary for constructing a field strength for AµM . All this we
will explain fully in section 4.
Remarkably, the resulting theory is equivalent not only to the Kaluza-Klein re-
duction of supergravity, on setting ∂M = 0, but is in fact equivalent to the original
10- and 11-dimensional theories, on choosing appropriate solutions of the section
condition. More precisely, ExFT is most easily seen to be equivalent to supergravity
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10/11-d
SUGRA
xµˆ
10/11-d
SUGRA
xµˆ = (xµ, Y i)
DFT/ExFT
(xµ, YM )
n-dim SUGRA
xµ
KK reduction
∂i = 0
“Generalised
oxidation”
LAµ → LAµSplit coords, gauge fix Lorentz
Figure 1: The procedure described in this subsection is represented by the dotted
line in this diagram, and is the starting point for either a Kaluza-Klein reduction,
or for a “generalised oxidation” leading to double or exceptional field theory.
in terms of the (n + d)-dimensional partially Lorentz gauge-fixed form described in
section 3.2 above. This gives the following picture, shown schematically in figure 1.
On making such an (n+ d)-dimensional split of supergravity, we can either:
• Reduce: we immediately obtain the Kaluza-Klein reduction on setting ∂i → 0,
Dµ → ∂µ, in which internal diffeomorphisms join with the gauge transforma-
tions of the form fields present and become gauge transformations of the fields
of the reduced theory. With the field redefinitions as above it is simple to easily
verify the U-duality symmetry of the reduced theory.
• Extend: using exceptional field theory, we can extend ∂i → ∂M , with inter-
nal diffeomorphisms (generated by the Lie derivative) combining with gauge
transformations into generalised diffeomorphisms (generated by a generalised
Lie derivative). In this framework, the Kaluza-Klein vectors Aµ
i are packaged
with external one-forms arising from the gauge fields into a generalised Kaluza-
Klein vector AµM . This field AµM and the partial derivatives ∂M are taken to
formally transform in conjugate representations of O(d, d) or Ed(d). This gives
a theory on an extended geometry, involving O(d, d) or Ed(d), and equivalent
to the full 10- or 11-dimensional theory on solving the section condition on the
∂M .
We will discuss the full ExFT construction in section 4. First, we will set the
scene by explaining how to identify Ed(d) multiplets in the same (n+ d)-dimensional
split of the supergravity fields.
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3.3 Ed(d) multiplets
We have described an (n + d)-dimensional split of 11-dimensional supergravity.
The Ed(d)-covariant multiplets that appear in exceptional field theory, and in n-
dimensional supergravity on Kaluza-Klein reduction, are hiding amidst the details
of this decomposition. Let us describe how these multiplets appear, for the cases of
d = 4 to d = 8.
3.3.1 SL(5)
Let’s take d = 4, n = 7. The claim is that we can rearrange all field components
into representations of the group SL(5). We organise this counting according to how
the field components appear from the n-dimensional point of view.
We have 14 scalars, gij and Cijk. These comprise the coset
SL(5)
SO(5) , as we saw in
section 2.3.
We have 10 one-forms, four from the metric Aµ
i and six from the three-form
Cµij . This must correspond to the 10-dimensional antisymmetric representation of
SL(5). So far, so good.
However, we have only 4 two-forms, Cµνi, and a single three-form, Cµνρ. A singlet
we could live with, but there is no non-trivial four-dimensional representation of
SL(5). In order to obtain a genuine SL(5) representation, we have to use the fact that
in seven-dimensions, two- and three-forms are (electromagnetically) dual. Hence if
we dualise our lone three-form into a two-form we obtain five two-forms, which we can
represent in the five-dimensional representation (specifically, the antifundamental).
Equivalently, we could dualise the four two-forms into three-forms, to obtain five of
those.
The dualisation of form fields reflects the underlying non-perturbative nature of
U-duality in the full M-theory. (For U-duality, such dualisations were studied ex-
tensively in the seminal work of [6,7].) U-duality transformations relate branes with
their electromagnetic duals. In the case at hand, the three-form couples electrically
to the M2 brane, and magnetically to the M5 brane. The latter can also be viewed
as being electrically charged (in eleven dimensions) under a dual six-form. Reducing
on a four-torus, this dual six-form gives a single extra two-form. We can therefore
explicitly relate the dual two-form we obtain from dualising the components Cµνρ of
the three-form to the components Cµνijkl of the six-form we would obtain starting
in eleven-dimensions with the latter.
The five-dimensional representation we are constructing corresponds in brane
terms to M2 branes wrapped once on the four-torus (giving four possible strings in
seven-dimensions) plus the M5 brane wrapped completely on the four-torus (giving
one possible string in seven dimensions). Conversely, if we carried out the oppo-
site dualisation (turning the two-forms into three-forms), we would find the fields
coupling to the brane multiplet consisting of an M2 brane not wrapping the four-
torus (giving one membrane in seven-dimensions) and the M5 brane wrapping three
directions of the torus (giving four possible membranes in seven-dimensions).
We summarise the field content of 11-dimensional SUGRA in terms of SL(5) mul-
tiplets in table 2. To include all the original three-form components, we include the
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5-dimensional representation of three-forms, which is dual to the 5-dimensional rep-
resentation of two-forms. In fact, we do not need to stop there. The one-form AµM
in the 10 would be dual in seven-dimensions to a four-form, which we would denote
by DµνρσM . The degrees of freedom of this four-form would be the six components
Cµνρσij dual to Cµij plus four degrees of freedom A˜µνρσi dual to the Kaluza-Klein
vector Aµ
i. This brings into play the dual graviton in 11-dimensions.
Metric gµν
Scalars MMN ∈ SL(5)SO(5) gij (10) Cijk (4)
One-forms Aµ ∈ 10 Aµi (4) Cµij (6)
Two-forms Bµν ∈ 5¯ Cµνi (4) Cµνijkl (1)
Three-forms Cµνρ ∈ 5 Cµνρ (1) Cµνρijk (4)
Four-forms Dµνρσ ∈ 10 Cµνρσij (6) A˜µνρσi (4)
Table 2: The bosonic field content of 11-dimensional SUGRA in SL(5) multiplets.
The two- and three-forms are electromagnetically dual, as are the one- and four-
forms.
One of the remarkable features of exceptional field theory is that it describes
simultaneously all the possible duality relations that are needed to realise Ed(d)
multiplets at the level of the full (n + d)-dimensional SUGRA, and allows one to
deal efficiently with the description of exotic dual fields. This will be explained in
section 4.4.
3.3.2 SO(5, 5)
Now we take d = 5, n = 6. The representations of SO(5, 5) that appear are listed
in table 3. In this case, we need to dualise the single three-form Cµνρ into an
extra one-form, to realise the 16-dimensional Majorana-Weyl spinor representation
of SO(5, 5). Alternatively, we can describe this three-form as part of a multiplet of
three-forms Cµνρ in the Majorana-Weyl spinor representation of opposite chirality,
again requiring dualisations of the metric.
Metric gµν
Scalars MMN ∈ SO(5,5)SO(5)×SO(5) gij (15) Cijk (10)
One-forms Aµ ∈ 16 Aµi (5) Cµij (10) Cµijklm (1)
Two-forms Bµν ∈ 10 Cµνi (5) Cµνijkl (5)
Three-forms Cµνρ ∈ 16 Cµνρ (1) Cµνρijk (10) A˜µνρi (5)
Table 3: The bosonic field content of 11-dimensional SUGRA in SO(5, 5) multiplets.
The two-form is electromagnetically self-dual, and the one-form is dual to three-form.
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3.3.3 E6(6)
Now we take d = 6, n = 5. The representations of E6(6) that appear are listed in
table 4. In this case, we need to dualise the single three-form Cµνρ into an extra
scalar. We further include a two-form Bµν ∈ 27 which would be dual to the one-form
Aµ in the fundamental, and include dual metric components.
Metric gµν
Scalars MMN ∈ E6(6)USp(8) gij (21) Cijk (20) Cijklmn (1)
One-forms Aµ ∈ 27 Aµi (6) Cµij (15) Cµijklm (6)
Two-forms Bµν ∈ 27 Cµνi (6) Cµνijkl (15) A˜µνi (6)
Table 4: The bosonic field content of 11-dimensional SUGRA in E6(6) multiplets.
The two-form is dual to the one-form.
3.3.4 E7(7)
Now we take d = 7, n = 4. The representations of E7(7) that appear are listed in table
5. In this case, the one-form Aµ in the 56-dimensional fundamental representation
contains dual components of the three- and six-form, and necessarily also includes
dual metric components in order to obtain the full E7(7) representation.
Metric gµν
Scalars MMN ∈ E7(7)SU(8) gij (28) Cijk (35) Cijklmn (7)
One-forms Aµ ∈ 56 Aµi (7) Cµij (21) Cµijklm (21) A˜µi (7)
Table 5: The bosonic field content of 11-dimensional SUGRA in E7(7) multiplets.
The one-form is electromagnetically self-dual.
3.3.5 E8(8)
Finally we come to d = 8, n = 4. Here we have to dualise the Kaluza-Klein vector to
obtain a further eight scalars, in order to fill up the expected coset
E8(8)
SO(16) of dimension
128. The one-form Aµ in the 248-dimensional adjoint involves many further “exotic”
dualisations of the standard form fields.
We motivated the inclusion of dual components of fields in these Ed(d) multiplets
using the fact that U-duality relates branes and their electromagnetic duals. The
branes that couple to these form field components are exotic branes, which we will
discuss in section 7.
39
Metric gµν
Scalars MMN ∈ E8(8)SO(16) gij (36) Cijk (56) Cijklmn (28) A˜i (8)
One-forms Aµ ∈ 248 Aµi (8) Cµij (28) Cµijklm (56) A˜µi (8) . . .
Table 6: The bosonic field content of 11-dimensional SUGRA in E8(8) multiplets.
The one-form contains more degrees of freedom consisting of exotic dualisations of
the supergravity fields, which couple electrically to exotic branes.
4 Exceptional field theory
In this section, we will describe the building blocks of exceptional field theory in a
systematic fashion. We will begin in section 4.1 with the generalised Lie derivative,
which defines Ed(d) compatible diffeomorphisms. This provides the local symmetry
of the extended geometry introduced in the exceptional field theory approach. We
will then construct the generalised gauge fields – the tensor hierarchy – of ExFT
in section 4.2, including a detailed breakdown for SL(5) in section 4.3, and discuss
the treatment of dual graviton degrees of freedom within the theory in section 4.4.
Finally, we will explain how to put everything together to formulate the action
principle of ExFT, describing the common features of the action in section 4.5, and
giving more explicit details for SL(5) in section 4.6, E7(7) in section 4.7 and E8(8) in
section 4.8.
4.1 The exceptional generalised Lie derivative
4.1.1 Generalised vectors and the representation R1
The generalised Lie derivative captures the local symmetries of the “internal” sector of
11-dimensional supergravity. We therefore (temporarily) restrict to a d-dimensional
submanifold Md of the full 11-dimensional geometry. On Md we have a metric,
gij , a three-form, Cijk, and (for sufficiently large d) a six-form, Cijklmn, which in
11-dimensions is defined as the dual of the three-form by
dC6 = ⋆F4 +
1
2
C3 ∧ F4 . (4.1)
The local symmetries are d-dimensional diffeomorphisms, generated by vector fields
Λi, and gauge transformations of the form fields, defined in terms of two- and five-
form gauge parameters. Altogether we have
δgij = LΛgij ,
δCijk = LΛCijk + 3∂[iλjk] ,
δCijklmn = LΛCijklmn + 6∂[iλjklmn] + 30C[ijk∂lλmn] .
(4.2)
We combine these parameters of local symmetries into a generalised vector
ΛM = (Λi, λij , λijklm) , (4.3)
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which is a section of the exceptional tangent bundle
TMd ⊕ Λ2T ∗Md ⊕ Λ5T ∗Md . (4.4)
For O(d, d), generalised vectors formed the 2d-dimensional vector representation of
the group O(d, d), and the generalised tangent bundle was equipped with a natural
bilinear form ηMN preserved by O(d, d) transformations. Exceptional generalised
vectors as in Eq. (4.3) form representations of the group Ed(d), and on the exceptional
tangent bundle bundle Eq. (4.4) we can then define in a natural way Ed(d)-invariant
tensors. We will see such tensors shortly: these will not be rank two symmetric
tensors so cannot be interpreted as a quadratic form, as in the O(d, d) case.
It is common in the literature to denote the representation of Ed(d) in which the
generalised vector appears by R1. The conjugate representation – corresponding to
generalised covectors – is then R¯1. We will soon encounter further representations.
The most relevant of these are listed in table 7.
For d ≥ 7, generalised vectors become more complicated, taking the form
ΛM = (Λi, λij , λijklm, Λ˜i1...i7;i, . . . ) , (4.5)
which is a section of
TMd ⊕ Λ2T ∗Md ⊕ Λ5T ∗Md ⊕ (T ∗Md ⊗ Λ7T ∗Md)⊕ . . . . (4.6)
The dots indicate additional terms which in fact present only for d ≥ 8. The extra
mixed symmetry tensors that appear can be viewed as gauge symmetries of exotic
dual fields, starting with the dualisation of the metric.
Why does this happen for d = 7? Recall the arguments of section 3.3 and con-
sider the one-forms obtained by reducing the metric, three-form and dual six-form.
These are not sufficient to fill out a representation of E7(7). In n = 4 one-forms
are dual to one-forms, and it follows directly from the duality relation Eq. (4.1)
that the 21 one-forms Cµij coming from the 11-dimensional three-form are dual
to the 21 one-forms Cµijklm coming from the six-form. If we introduce a further
seven one-forms A˜µi which are dual to the Kaluza-Klein vector Aµ
i, then we ob-
tain a total of 56 one-forms, which fill out the fundamental representation of E7(7):
AµM = (Aµi, Cµij , Cµijklm, A˜µi). We can then impose a E7(7)-compatible self-duality
constraint on the field strength of AµM , as we will see in more detail below.
If we lift this back to eleven-dimensions, then the A˜µi have an interpretation
as components of the “dual graviton”. This can be defined in linearised gravity by
treating one index of the linearised metric as a form index and dualising on it. This
leads to the dual graviton hµˆ1...µˆ8;νˆ , where the first 8 indices are antisymmetric, and
gauge symmetries Λµˆ1...µˆ7;νˆ . The components hi1...i7µ;i then correspond for d = 7 to
the extra dual one-forms, and the gauge transformation parameters Λi1...i7;j to their
U(1) symmetry transformations.
Although for d = 7 these appear at the level of the generalised diffeomorphism
symmetry of ExFT, for d < 7 such transformations are also present as gauge trans-
formations of the tensor hierarchy gauge fields of the theory. We will discuss how
this is treated in exceptional field theory in section 4.4.
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G α −ω R1 R2 R3 R4 R5 R6
GL(d) 1 0 d
O(d, d) 2 0 2d 1
SL(3) × SL(2) n/a 16 (3,2) (3¯,1) (1,2) (3,1) (3¯, 2¯) (8,1) ⊕ (1,3)
SL(5) 3 15 10 5¯ 5 10 24
SO(5, 5) 4 14 16 10 16 45
E6(6) 6
1
3 27 27 78
E7(7) 12
1
2 56 133
E8(8) 60 1 248 1⊕ 3875
Table 7: Groups and (selected) representations appearing in ordinary geometry, DFT
and ExFT. Generalised vectors are valued in R1, and the section condition in R2.
The special weight is given by ω = − 1n−2 in ExFT and ω = 0 in DFT. Generally,
R8−d = R¯1 and R9−d = adj.
4.1.2 The generalised Lie derivative
We will now describe the Ed(d) generalised Lie derivative [32, 35, 42]. We introduce
derivatives ∂M with respect to an extended set of coordinates, Y
M , which lie in the
R1 representation. The extended coordinates Y
M can therefore be decomposed in
the same manner as generalised vectors, Eq. (4.5), with YM = (yi, y˜ij, y˜ijklm, . . . )
and so contain a host of dual coordinates with multiple indices. A physical viewpoint
on these coordinates is that they can be thought of as conjugate to wrapping modes
of the M-theory branes (M2, M5, KKM and ultimately more exotic objects that we
will meet in section 7), which we will discuss further in section 6.5. (Although we
refer here, and throughout this section, to the M-theory interpretation, as explained
in section 5.1 there is also a dual IIB description.)
Given a generalised vector UM , its derivative ∂NU
M is then valued in R1⊗ R¯1 =
1⊕ adj⊕ . . . . We introduce a projector PMNPQ which projects from R1 ⊗ R¯1 onto
the adjoint representation. The generalised Lie derivative of a generalised vector
V M of weight λV can then be defined as
LUV M = UN∂NV M − αPMNPQ∂PUQV N + λV ∂NUNV M , (4.7)
where α is a numerical constant which depends on the group under consideration
(see table 7). An equivalent form is
LUV M = UN∂NVM − V N∂NUM + YMNPQ∂NUPV Q + (λV +ω)∂NUNV M , (4.8)
where the Y -tensor is by definition related to the adjoint projector by
YMNPQ = −αPMQNP + δMP δNQ − ωδMQδNP . (4.9)
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In practice, the adjoint projector and hence the Y -tensor are defined in terms of
invariant tensors of the group Ed(d).
The numerical constant ω is the same that we saw in the decomposition Eq. (3.1)
of the 11-dimensional metric, and is given by
ω = − 1
n− 2 . (4.10)
We need to pick a convention for the weights of all objects. We will follow [42] and
take the generalised metric to be a true element of Ed(d), with determinant one, and
this to be an unweighted tensor. We then have to require that generalised vectors
generating generalised diffeomorphisms should themselves have weight −ω (which
means the final term in (4.8) vanishes when considering the generalised Lie derivative
of such generalised vectors). Alternatively, we could omit the term involving ω from
the definition Eq. (4.8) which in effect defines an Ed(d)×R+ generalised Lie derivative,
as in [35].
Given the generalised Lie derivative as defined either via Eq. (4.7) or Eq. (4.8)
we fix the coefficient α, or equivalently the form of the Y-tensor, by requiring closure
[LU ,LV ]W = L[U,V ]EW , [U, V ]E ≡
1
2
(LUV − LV U) , (4.11)
where in order to use Eq. (4.8) we assume U, V and W are generalised vectors of
weight −ω. The condition Eq. (4.11) holds if [32]
0 =
1
2
Y NPKLU
L∂PV
K∂NW
M + Y QKNPW
P∂QV
M∂KU
N
+
1
2
(
YMKNP δ
R
Q − YMKLQY LRNP
)
V PWQ∂K∂RU
N
+WQ
(
YMKPQ∂KV
N∂NU
P + YMKPLY
LR
NQ∂RV
N∂KU
P
+
1
2
YMKNP∂KV
N∂QU
P +
1
2
YMKLQY
LR
NP∂RV
N∂KU
P
)
− (U ↔ V ) .
(4.12)
For the Ed(d) generalised Lie derivatives defined below, this will be true for the
particular definitions of Y -tensor following from Eq. (4.9), assuming
YMNPQ∂MΨ∂NΨ
′ = 0 , YMNPQ∂M∂NΨ = 0 , (4.13)
where again Ψ,Ψ′ are any fields or gauge parameters in the theory. This is the
section condition of ExFT.
4.1.3 The section condition and the representation R2
The section condition can be interpreted as the requirement that the tensor product
∂M ⊗ ∂N vanishes when projected onto a particular representation. In double field
theory, the section condition was ηMN∂M ⊗ ∂N = 0, and this representation was the
trivial one. In exceptional field theory, the structure of the representation theory
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involved is much richer. Some notation is therefore needed. We denote by R2 the
representation found in the symmetric tensor product of R1 ⊗ R1 listed in table 7,
and R¯2 its conjugate. The section condition is equivalent to
∂M ⊗ ∂N
∣∣
R¯2
= 0 . (4.14)
For d ≤ 6, the Y-tensor will be proportional to the projector onto this representation:
YMNPQ = 2(d− 1)(PR2)MNPQ , (4.15)
and in particular is symmetric on both upper and lower indices.
For d > 6, the general story receives some modifications.
For d = 7, the representation R1 is the fundamental 56, and the antisymmetric
part of the tensor product R1 ⊗ R1 includes the trivial representation. We then in
fact require ∂M ⊗ ∂N
∣∣
R¯2⊕1 = 0. In this case it turns out that
YMNPQ
∣∣
E7(7)
= 12(PR2)
MN
PQ + 28(P1)
MN
PQ , (4.16)
which no longer has fixed symmetry.
For d = 8, the representation is the fundamental 248 which is also the adjoint.
We require ∂M ⊗ ∂N
∣∣
R¯2⊕R¯1 = 0. Due to complications resulting from the presence
of dual graviton degrees of freedom appearing already in the generalised metric, the
definition of the generalised Lie derivative in terms of the Y-tensor is not sufficient
for a closed algebra, and has to be modified further, as will be explained in section
4.8.
4.1.4 The SL(3)× SL(2) generalised Lie derivative
This is the case d = 3. A generalised vector combines a vector vi with a two-
form λij for a total of six components. Dualising the antisymmetric pair of indices,
λi ≡ 12ǫijkλjk, we can see this as an SL(2) doublet of SL(3) vectors, hence we have
representation R1 = (3,2). In a convention where V
M ≡ V iα = (vi, λi), with α an
index declared to transform in the 2 of SL(2), the Y-tensor is
Y iα,jβkγ,lδ = ǫ
ijmǫklmǫ
αβǫγδ . (4.17)
In this case, as the group is a product, the adjoint representation is (8,1) ⊕ (1,3),
and in terms of the separate adjoint projectors on each factor we have
LUVM = UN∂NVM − 2P(8,1)MNPQ∂PUQV N
− 3P(1,3)MNPQ∂PUQV N + λV ∂NUNVM ,
(4.18)
with projectors as defined in [46].
The representation R2 is (3¯,1) and the section condition is then
ǫijkǫαβ∂jα ⊗ ∂kβ = 0 , (4.19)
and the solution that recovers the d = 3 physical spacetime is ∂i1 6= 0, ∂i2 = 0.
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4.1.5 The SL(5) generalised Lie derivative
This is the case d = 4. A generalised vector combines a vector vi with a two-form
λij for a total of ten components. This arranges into the antisymmetric represen-
tation of SL(5), so R1 = 10. As in section 2.3, we introduce a five-dimensional
fundamental index M = 1, . . . , 5, and we write a generalised vector as carrying a
pair of antisymmetric indices, hence VMN = (vi, λij), i.e. V i5 ≡ vi, V ij ≡ λij , after
dualising the antisymmetric pair of indices, λij ≡ 12ǫijklλkl. We adopt a convention
where we include a factor of 1/2 when summing over antisymmetric indices. Hence
for instance VM∂M ≡ 12VMN∂MN = V i5∂i5 + 12V ij∂ij . Then the Y-tensor is
YMM
′,NN ′PP ′,QQ′ = ǫMM
′NN ′KǫPP ′QQ′K . (4.20)
The representation R2 is the 5¯ and the section condition is then
∂[MN ⊗ ∂PQ] = 0 , (4.21)
and the solution that recovers the d = 4 physical spacetime is ∂i5 6= 0, ∂ij = 0.
4.1.6 The SO(5, 5) generalised Lie derivative
This is the case d = 5. A generalised vector combines a vector vi with a two-form λi
and a five-form λijklm for a total of sixteen components. We treat the five-form as
a scalar, λ˜ ≡ 15!ǫijklmλijklm. Altogether we can see this as a Majorana-Weyl spinor
representation of SO(5, 5), which means R1 = 16. We denote the spinor index by
M and the vector index of the ten-dimensional fundamental representation by I.
The gamma matrices of SL(5) are 32 × 32 matrices and can be decomposed into
off-diagonal 16 × 16 blocks, γIMN , γIMN , which are symmetric on the MN indices,
and obey
γIMNγ
JNP + γJMNγ
INP = 2ηIJδPM , (4.22)
where ηIJ is the defining SO(5, 5) structure. Note that γIMNγJ
MN = 16δIJ . The
Y-tensor is then
YMNPQ =
1
2
γI
MNγIPQ . (4.23)
The representation R2 is the 10 and the section condition is
γI
MN∂M ⊗ ∂N = 0 . (4.24)
Decomposing a generalised vector as VM = (V i, Vij , V
z), where the index M = z
denotes the single five-form component, we can parametrise these gamma matrices
as
(γI)
MN → (γi)jkl = 2δijkl , (γi)jz =
√
2δji , (γi)jklm =
1√
2
ǫijklm ,
(γI)MN → (γi)jkl = 2δklij , (γi)jz =
√
2δij , (γ
i)jklm = 1√
2
ǫijklm .
(4.25)
The solution of the section condition Eq. (4.24) giving a d = 5 physical spacetime is
∂i 6= 0, ∂ij = 0, ∂z = 0.
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4.1.7 The E6(6) generalised Lie derivative
Finally, for d = 6 we reach a genuinely exceptional group. A generalised vector
combines a vector vi with a two-form λij and a five-form λijklm for a total of 27
components. We dualise the five-form into a second vector, λ˜i¯ ≡ 16!ǫijklmnλjklmn
(the i¯ is used simply to distinguish from the index on the actual vector). Altogether
this gives the fundamental representation of E6(6), so R1 = 27. There is a conjugate
representation 27, and two totally symmetric cubic invariant tensors, which are
denoted by dMNP and dMNP . These are normalised such that
dMPQdNPQ = δ
M
N , (4.26)
and obey a cubic identity
dK(MNdPQ)Ld
KLS =
2
15
δS(MdNPQ) , d
K(MNdPQ)LdKLS =
2
15
δ
(M
S d
NPQ) ,
(4.27)
The Y-tensor is then
YMNPQ = 10d
MNKdPQK . (4.28)
The representation R2 is the 27 and the section condition is
dMNK∂M ⊗ ∂N = 0 . (4.29)
The components of the cubic invariant are (in the normalisation of [43], where we
do not include an explicit factor of 1/2 in contractions)
dMNP → dij¯ kl = 1√5δkl[ij] , dij,kl,mn =
1
4
√
5
ǫijklmn ,
dMNP → dij¯ kl = 1√5δ
ij
[kl] , dij,kl,mn =
1
4
√
5
ǫijklmn .
(4.30)
The solution of the section condition (4.29) giving d = 6 physical directions is then
∂i 6= 0, ∂ij = 0 = ∂i¯.
4.1.8 The E7(7) generalised Lie derivative
This is the case d = 7, and exhibits different properties to the preceding examples.
A generalised vector consists of a vector vi, two-form λij , five-form λijklmn and now
the additional one-form Λ˜i associated to gauge transformations of the dual graviton.
We dualise the five-form into a bivector λ˜ij = 15!ǫ
ijklmnpλklmnp. These form the
fundamental representation of E7(7), R1 = 56.
The group E7(7) is characterised by an invariant antisymmetric rank two ten-
sor, ΩMN , such for two generalised vectors V
M = (V i, Vij , V˜
ij, V˜i) and W
M =
(W i,Wij , W˜
ij , W˜i) we have
ΩMNV
MWN = V iW˜i − V˜iW i + 1
2
V˜ ijWij − 1
2
VijW˜
ij . (4.31)
This means that the fundamental representation is self-conjugate; we can raise and
lower indices using ΩMN and its inverse, which is defined such that Ω
MPΩNP = δ
M
N .
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We raise as VM = ΩMNVN and lower by VM = V
NΩNM . There is further a
quartic symmetric invariant cMNPQ, however it is more convenient to introduce the
generators (tα)M
N in the adjoint, in terms of which the Y-tensor is defined by
YMNPQ = −12(tα)PQ(tα)MN + 1
2
ΩMNΩPQ , (4.32)
where the Cartan-Killing form καβ = (tα)M
N (tβ)N
M is used to contract adjoint in-
dices. The generators with fundamental indices fully raised or lowered are symmetric
on these indices.
The representation R2 is the 133 (the adjoint representation), however the sec-
tion condition requires both
tαMN∂M ⊗ ∂N = 0 , ΩMN∂M ⊗ ∂N = 0 . (4.33)
The solution of the section condition Eq. (4.29) giving d = 7 physical directions is
then ∂i 6= 0, ∂ij = ∂˜ij = ∂˜i.
4.1.9 The E8(8) generalised Lie derivative
This is the case d = 8. The vector, two-form, five-form and dual graviton symmetry
transformation parameters do not fill out an E8(8) representation. We have to add
additional mixed symmetry objects. However, even after doing so, the construction
described above fails to give a consistent algebra [32]. In order to obtain a generalised
Lie derivative for this group, an additional symmetry transformation needs to be
introduced [45]. This we will explain in section 4.8.
4.1.10 Further features of generalised Lie derivatives
Let us discuss some properties of the generalised Lie derivative that we will need to
further develop exceptional field theory.
Generalised vectors of the form
χM = YMNPQ∂Nχ
PQ (4.34)
for χPQ = χQP symmetric, generate trivial transformations
LχVM = 0 , (4.35)
using the section condition. For E7(7) there are additional trivial transformations,
consisting of generalised vectors of the form χM = ΩMNBN where BN is constrained
to obey the same constraint as the derivatives ∂M . We will return to this in more
detail below.
The symmetrisation is
{U, V }M ≡ (LUV + LV U)M
= YMN (PQ)∂N (U
PV Q) + YMN [PQ](∂NU
PV Q − UP∂NV Q) .
(4.36)
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For d = 2, . . . , 6 the Y-tensor is symmetric on upper and lower indices. Then {U, V }
is exactly of the form of a trivial transformation Eq. (4.34). For d = 7, the an-
tisymmetric part of the Y-tensor is YMN [PQ] =
1
2Ω
MNΩPQ. The second term in
Eq. (4.36) is thus also a trivial transformation in this case. Hence for d = 2, . . . , 7,
{U, V } constitutes a generalised vector whose generalised Lie derivative is zero acting
on all fields, using the section condition.
The Jacobiator of the E-bracket is
[[U, V ]E ,W ]E + cyclic =
1
3
{[U, V ]E ,W}+ cyclic , (4.37)
and so is non-zero but trivial acting on fields.
The condition for closure of the generalised Lie derivative, in terms of generalised
vectors U, V,W , is:
LULVW −LV LUW = L[U,V ]EW (4.38)
and this can be rewritten as
LU (LVW ) = LV (LUW ) + LLUVW , (4.39)
using the fact that
LUV = [U, V ]E + {U, V } (4.40)
and the symmetric part {U, V } always generates a trivial transformation, L{U,V } = 0.
The condition Eq. (4.39) is the Leibniz property for the binary operation
U ◦ V ≡ LUV , U ◦ (V ◦W ) = V ◦ (U ◦W ) + (U ◦ V ) ◦W , (4.41)
expressing the fact that the algebra of generalised Lie derivatives is not a Lie algebra
but a Leibniz algebra i.e. the generalisation of a Lie algebra to the case where the
fundamental bracket, is not antisymmetric, U ◦ V 6= −V ◦ U . This provides an in-
teresting mathematical perspective on the definition of generalised diffeomorphisms,
discussed in [54, 55], which we will not pursue in this review.
4.2 The tensor hierarchy
The generalised Lie derivative defines generalised diffeomorphisms of the extended
geometry of exceptional field theory. In particular, the generalised metric will trans-
form tensorially under such transformations. The full exceptional field theory con-
tains also generalised form-fields, which are n-dimensional p-forms arranged into
representations of Ed(d) which we denote by Rp. These transform under generalised
diffeomorphisms as gauge fields. This sequence of generalised form fields is called
the “tensor hierarchy”4. We will now explain how it is treated in ExFT, following
the systematic approach worked out in [58–60].
4This name was originally used to describe the p-form fields of gauged supergravity [56, 57],
in which the same sequence of representations and similar gauge structures appear. This is no
coincidence: the tensor hierarchy of gauged SUGRA is automatically generated by generalised
Scherk-Schwarz reductions of ExFT, see section 5.2.
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4.2.1 A need of hierarchies
Let’s first recall the situation in the Kaluza-Klein-esque decomposition of a theory
of an (n + d)-dimensional metric, which we studied in section 3.1. There, without
imposing the Kaluza-Klein reduction ansatz, we saw that the Kaluza-Klein vector
Aµ
i appeared as a gauge field for internal diffeomorphisms, being used to define
covariant n-dimensional partial derivatives Dµ = ∂µ − LAµ .
In exceptional field theory, we introduce a one-form AµM , valued in the same
R1 representation as generalised vectors, which plays the same role with respect to
generalised diffeomorphisms. To that end, we define it to transform as (compare
Eq. (3.5))
δΛAµM = DµΛM ≡ ∂µΛM − LAµΛM , (4.42)
which also defines the covariant partial derivative Dµ = ∂µ − LAµ . This means we
assume AµM has weight −ω = 1n−2 in order that we can take the generalised Lie
derivative with respect to it. Then if T is some generalised tensor, a short calculation
using the properties of the generalised Lie derivative shows that
δΛDµT = LΛDµT . (4.43)
We now seek a field strength for AµM . Our definition will be valid for d ≤ 6, i.e. up
to and including E6(6). For E7(7), modifications are necessary, which we will describe
in section 4.4. In particular we assume below that the Y-tensor is symmetric in both
its upper and lower pairs of indices: for E7(7) this is not the case.
The naive field strength appearing in the commutator [Dµ,Dν ] = −LFµν is
Fµν = 2∂[µAν] − [Aµ,Aν ]E , (4.44)
for which a short calculation gives
δFµν
M = 2D[µδAν]M + YMNPQ∂M (A[µP δAν]Q) (4.45)
and hence
δΛFµν
M = LΛFµνM + YMNPQ∂N (−ΛPFµνQ +A[µP δAν]Q) . (4.46)
Hence this does not transform tensorially under generalised diffeomorphisms. To
cure this, we introduce a two-form transforming in the R2 representation, which we
can write as BµνMN , carrying a symmetric pair of R1 indices such that
BµνMN = 1
2(d− 1)Y
MN
PQBµνPQ , (4.47)
recalling that for d ≤ 6 the Y -tensor projects onto the R2 representation, with
YMNPQY
PQ
KL = 2(d − 1)YMNKL . (4.48)
This new two-form enters the fully covariant field strength defined by
FµνM = 2∂[µAν]M − [Aµ,Aν ]ME + YMNPQ∂NBµνPQ , (4.49)
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where it is convenient in what follows to explicitly include the Y-tensor acting as the
R2 projector. It then follows that
δFµνM = 2D[µδAν]M + YMNPQ∂N∆BµνPQ , (4.50)
having let
∆BµνMN ≡ δBµνMN + 1
2(d− 1)Y
MN
PQA[µP δAν]Q , (4.51)
As a result, the field strength Eq. (4.49) transforms as a generalised vector of weight
−ω under
δΛAµM = DµΛM ,
∆ΛBµνMN = 1
2(d− 1)Y
MN
PQΛ
PFµνQ .
(4.52)
The weight of BµνMN must be taken to be −2ω = 2n−2 . The field strength Eq. (4.49)
is further invariant under gauge transformations
δλAµM = −YMNPQ∂NλµPQ ,
∆λBµνMN = 2D[µλν]MN .
(4.53)
Next we must define a field strength for the two-form. Our definition will be valid
for d ≤ 5, i.e. up to and including SO(5, 5). For E6(6), modifications are necessary,
which will be the subject of section 4.4.
We can (partially) discover the field strength for the two-form by considering the
Bianchi identity for the field strength Eq. (4.49):
3D[µFνρ]M = −6LA[µ∂νAρ]M − 3L∂[µAνAρ]M − 3LA[ν∂µAρ]M
+ 3LA[µLAνAρ]M − 3D[µ(Y MNPQ∂NBνρ]PQ) .
(4.54)
This simplifies on rewriting the Jacobi identity Eq. (4.37) as
3LA[µLAνAρ]M = 2{[A[µ,Aν ]E , Aρ]}M = YMNPQ∂N
(
[A[µ,Aν ]PE, AQρ]
)
. (4.55)
After some further manipulation of Eq. (4.54) we obtain
3D[µFνρ]M = YMNPQ∂NHµνρPQ , (4.56)
in which the following naive field strength appears:
Hµνρ
MN = 3D[µBνρ]MN +
1
2(d− 1)Y
MN
PQ
(
−3A[µP∂νAρ]Q +A[µP [Aν ,Aρ]QE
)
.
(4.57)
This can be checked to again not be automatically covariant under generalised diffeo-
morphisms (although it is up to terms which vanish when projected with YMNPQ∂N ,
as in Eq. (4.56), so that the Bianchi identity of F is covariant). The fix is to then
introduce a three-form CµνρMN,P , transforming in the representation R3 ⊂ R1⊗R2,
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and of weight −3ω = 3n−2 . To understand how this field should appear, we can
compute the variation of Eq. (4.57):
δHµνρ
MN = 3D[µ∆Bνρ]MN − 3
1
2(d − 1)Y
MN
PQF[µνP δAρ]Q
+
1
2(d− 1)
(
YMNRSδ
K
L − YMNPLY PKRS
)×
× ∂K
(−3δA[µLBνρ]RS + δA[µLAνRAρ]S)
(4.58)
using the identity
δP
(KYMN)RS − Y (MNQPY K)QRS = 0 , (4.59)
which is true for d ≤ 5. We then define
HµνρMN =3D[µBνρ]MN +
1
2(d− 1)Y
MN
PQ
(
−3A[µP∂νAρ]Q +A[µP [Aν ,Aρ]]QE
)
+
1
2(d− 1)
(
YMNRSδ
K
L − YMNPLY PKRS
)
∂KCµνρRS,L ,
(4.60)
such that
δHµνρ
MN = 3D[µ∆Bνρ]MN − 3
1
2(d − 1)Y
MN
PQF[µνP δAρ]Q
+
1
2(d − 1)
(
YMNRSδ
K
L − YMNPLY PKRS
)
∂K∆CµνρRS,L
(4.61)
with
∆CµνρMN,K = δCµνρMN,K
+
1
2(d− 1)
(
YMNRSδ
K
L − YMNPLY PKRS
)×
× (−3δA[µLBνρ]RS + δA[µLAνRAρ]S) .
(4.62)
Then we can begin to specify the gauge transformations of CµνρMN,P such that this
field strength is fully covariant or invariant.
Although we can then again describe this solely in terms of the Y-tensor, it is
convenient to take a step back from the coalface and think about the structures
involved in these calculations. The form fields Aµ,Bµν , Cµνρ generalise the notions
of p-forms, and what secretly appears in the above constructions are operations
generalising the wedge product and exterior derivative. To describe the full tensor
hierarchy, it is convenient to introduce some notation with which to express this.
4.2.2 Systematic approach to the tensor hierarchy
Standard p-forms, viewed as sections of the bundles ΛpT ∗M , can be manipulated
using the exterior derivative and wedge product:
d : ΛpT ∗M → Λp+1T ∗M , d2 = 0 , (4.63)
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∧ : ΛpT ∗M ⊗ ΛqT ∗M → Λp+qT ∗M , ωp ∧ ηq = (−1)pqηq ∧ ωp . (4.64)
In addition, given a vector field v there is the interior product
ιv : Λ
pT ∗M → Λp−1T ∗M (4.65)
with ιvωp a p− 1 form defined by contraction on the first slot. The Lie derivative of
a p-form can be expressed using Cartan’s magic formula as
Lvωp = ιvdωp + d(ιvωp) . (4.66)
These operations can be generalised to the tensor hierarchy p-forms of exceptional
field theory [58, 60]. As seen above, these are p-forms from the point of view of the
“external” space – i.e. they transform in the totally antisymmetric rank p represen-
tation of GL(11− d) – and are assigned to specific representations Rp of Ed(d), with
weight −pω under generalised diffeomorphisms.
Let A ∈ R1, B ∈ R2, C ∈ R3, etc., denote fields in these representations with
these weights. Further let S denote the trivial representation of Ed(d) with weight 1
under generalised diffeomorphisms.
ExFT exterior derivative ∂ˆ
A generalisation of the exterior derivative involving only the derivatives ∂M can be
defined, denoted by ∂ˆ, with the properties that
∂ˆ : Rp → Rp−1 , ∂ˆ2 = 0 , (4.67)
where the nilpotency holds using the section condition. Note that this acts to take
ExFT p-forms to ExFT (p− 1)-forms, i.e. in the opposite direction to the usual ex-
terior derivative. We want ∂ˆ to be well-defined in the sense that it takes generalised
tensors to generalised tensors. Thus given an ExFT p-form Fp ∈ Rp, transforming
covariantly under the generalised Lie derivative, then ∂ˆFp ∈ Rp−1 transforms co-
variantly under the generalised Lie derivative. It is only possible to define such a
covariant derivative operation for 2 ≤ p ≤ 8− d. This gives a sequence
R1
∂ˆ←− R2 ∂ˆ←− R3 ∂ˆ←− · · · ∂ˆ←− R7−d ∂ˆ←− R8−d . (4.68)
For example, the map ∂ˆ : R2 → R1 is always defined as
(∂ˆB)M = YMNPQ∂NB
PQ . (4.69)
We do not extend the action of ∂ˆ to act on R1. However, we can see that ∂ˆB is of
the form of a generalised vector that generates a trivial generalised Lie derivative,
L∂ˆB = 0.
The map ∂ˆ : R3 → R2 is defined by
(∂ˆC)MN =
1
2(d− 1)
(
YMNRSδ
K
L − YMNPLY PKRS
)
∂KC
RS,L . (4.70)
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Then
(∂ˆ2C)M =
(
YMNRSδ
K
L − YMNTLY TKRS
)
∂N∂KC
RS,L
=
3
2
(
Y (MNRSδ
K)
L − Y (MNTLY |T |K)RS
)
∂N∂KC
RS,L
− 1
2
(
Y NKRSδ
M
L − Y NKTLY |T |M)RS
)
∂N∂KC
RS,L
= 0 .
(4.71)
using both the algebraic identity Eq. (4.59), which holds for d ≤ 5, and the section
condition.
ExFT exterior product •
A generalisation of the exterior product can be defined, namely:
• : Rp ⊗Rq → Rp+q , (4.72)
for p+ q ≤ 8− d, and
• : Rp ⊗R9−d−p → S , (4.73)
for p = 1, . . . , 9 − d. The precise expressions for • just express the corresponding
projections onto the appropriate Ed(d) representations. This is possible because in
general Rp+1 ⊂ R1 ⊗ Rp. For X ∈ Rp and X ′ ∈ Rq, we take X •X ′ = X ′ •X for
p 6= q; for p = q the symmetry properties follow from the representation theory.
For example, the product • : R1 ⊗ R1 → R2 can be defined in general for
A,A′ ∈ R1 as
(A⊗A′)MN = 1
2(d − 1)Y
(MN)
PQA
PA′Q , (4.74)
which is always symmetric.
ExFT magic formula
For Λ ∈ R1 and X ∈ Rp, with 1 < p < 8− d, the generalised Lie derivative can be
re-expressed as
LΛX = Λ • ∂ˆX + ∂ˆ(Λ •X) , (4.75)
generalising the magic formula Eq. (4.66). For Λ1,Λ2 ∈ R1, we can also write the
generalised Lie derivative in terms of its antisymmetric and symmetric parts as:
LΛ1Λ2 = [Λ1,Λ2]E + ∂ˆ(Λ1 • Λ2) , (4.76)
while the failure of the Jacobi identity Eq. (4.37) or Eq. (4.55) becomes
3LA[1LA2A3] = ∂ˆ([A[1, A2]E • A3]) . (4.77)
Tensor hierarchy in general
We can write down the gauge transformations and field strengths associated to the
first few fields of the tensor hierarchy. Let us concentrate on the fields Aµ ∈ R1,
Bµν ∈ R2, Cµνρ ∈ R3, Dµνρσ ∈ R4 and the field strengths Fµν ∈ R1, Hµνρ ∈ R2 and
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Jµνρσ ∈ R3. This will suffice to describe the tensor hierarchy for SL(5) for which
d = 4 and 8 − d = 4. In this case, the field strength for Dµνρσ would require some
additional modifications of the type to be described in section 4.4. However as we will
see in section 4.6 this does not affect the construction of the action. The extension
of the tensor hierarchy for the lower rank groups SL(3)× SL(2) and SL(2)×R+ can
be found in [46, 49, 60].
The field strengths are:
Fµν = 2∂[µAν] − [Aµ,Aν ]E + ∂ˆBµν ,
Hµνρ = 3D[µBνρ] − 3∂[µAν • Aρ] +A[µ • [Aν ,Aρ]]E + ∂ˆCµνρ ,
Jµνρσ = 4D[µCνρσ] + 3∂ˆB[µν • Bρσ] − 6F[µν • Bρσ] + 4A[µ • (Aν • ∂ρAσ])
−A[µ • (Aν • [Aρ,Aσ]]E) + ∂ˆDµνρσ ,
(4.78)
and their variations are given by:
δFµν = 2D[µδAν] + ∂ˆ∆Bµν ,
δHµνρ = 3D[µ∆Bνρ] − 3δA[µ • Fνρ] + ∂ˆ∆Cµνρ ,
δJµνρσ = 4D[µ∆Cνρσ] − 4δA[µ • Hνρσ] − 6F[µν •∆Bρσ] + ∂ˆ∆Dµνρσ ,
(4.79)
where
∆Bµν = δBµν +A[µ • δAν] ,
∆Cµνρ = δCµνρ − 3δA[µ • Bνρ] +A[µ • (Aν • δAρ]) ,
∆Dµνρσ = δDµνρσ − 4δA[µ • Cνρσ] + 3B[µν •
(
δBρσ] + 2Aρ • δAσ]
)
+A[µ• (Aν • (Aρ • δAσ])) .
(4.80)
The symmetry transformations under generalised diffeomorphisms parametrised by
Λ ∈ R1 and gauge transformations λµ ∈ R2, Θµν ∈ R3, and Ωµνρ ∈ R4 are:
δAµ = DµΛ− ∂ˆ λµ ,
∆Bµν = Λ • Fµν + 2D[µλν] − ∂ˆΘµν ,
∆Cµνρ = Λ • Hµνρ + 3F[µν • λρ] + 3D[µΘνρ] − ∂ˆΩµνρ ,
∆Dµνρσ = Λ • Jµνρσ − 4H[µνρ • λσ] + 6F[µν •Θρσ] + 4D[µΩνρσ] ,
(4.81)
under which the field strengths transform as generalised tensors in the appropriate
representations.
The Bianchi identities obeyed by the field strengths are:
3D[µFνρ] = ∂ˆHµ...ρ ,
4D[µHνρσ] + 3F[µν • Fρσ] = ∂ˆJµνρσ ,
5D[µJνρσλ] + 10F[µν • Hρσλ] = ∂ˆKµνρσλ ,
(4.82)
where Kµνρσλ denotes the field strength for Dµνρσ which would be constructed using
the modifications presented in section 4.4.
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4.3 Example: tensor hierarchy for SL(5)
To make the ideas of the ExFT tensor hierarchy more explicit, let’s go into more
detail on the example of the SL(5) ExFT. The tensor hierarchy representations are:
R1 = 10 , R2 = 5¯ , R3 = 5 , R4 = 10 , (4.83)
and with M,N = 1, . . . , 5 we will denote objects transforming in these representa-
tions by
AMN ∈ R1 , BM ∈ R2 , CM ∈ R3 , DMN ∈ R4 , (4.84)
where AMN and DMN are antisymmetric. We take A,B,C,D to have weights
1/5, 2/5, 3/5, 4/5 respectively under generalised diffeomorphisms. We use ǫMNPQK
to represent the alternating symbol with ǫ12345 = ǫ
12345 = 1.
The nilpotent exterior derivative ∂ˆ is:
(∂ˆB)MN =
1
2
ǫMNPQK∂PQBK ,
(∂ˆC)M = ∂NMCN ,
(∂ˆD)M =
1
2
ǫMNPQK∂NPDQK .
(4.85)
Nilpotency is easily confirmed using the section condition ǫMNPQK∂NP∂QK = 0.
The products • are defined as:
(A1 • A2)M =
1
4
A1
NPA2QKǫMNPQK , (A •B)M = AMNBN , (4.86)
(A • C)MN =
1
4
ǫMNPQKAPQCK , A •D = 1
2
AMNDMN , (4.87)
(B1 •B2)MN = B2[MB|1|N ] , B • C = BMCM . (4.88)
With the Y-tensor YMNPQM′N ′P ′Q′ = ǫMNPQKǫM′N ′P ′Q′K the generalised Lie
derivative acts as [31, 60]:
LΛAMN = 1
2
ΛPQ∂PQAMN +
1
2
∂PQΛPQAMN + 2∂PQΛP[MAN ]Q , (4.89)
LΛBM = 1
2
ΛPQ∂PQBM +BP∂MQΛPQ , (4.90)
LΛCM = 1
2
ΛPQ∂PQCM − ∂PQΛPMCQ + 1
2
∂PQΛPQCM , (4.91)
LΛDMN = 1
2
ΛPQ∂PQDMN − 2∂[M|PΛPQDQ|N ] . (4.92)
Now we let Aµ ∈ R1, Bµν ∈ R2, Cµνρ ∈ R3 and Dµνρσ ∈ R4 denote the fields in the
tensor hierarchy. The explicit expressions for their field strengths follow from the
above formulae and from the general results Eq. (4.78):
FµνMN = 2∂[µAν]MN − [Aµ,Aν ]EMN +
1
2
ηMNPQK∂PQBµνK , (4.93)
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HµνρM = 3D[µBνρ]M −
3
4
ǫMNPQK∂[µAνNPAρ]QK
+
1
4
ǫMNPQKA[µNP [Aν ,Aρ]]EQK + ∂NMCµνρN ,
(4.94)
JµνρσM = 4D[µCνρσ]M + 3
1
2
ǫMNPQK∂PQB[µν|K|Bρσ]N
− 6F[µνMNBρσ]N + ǫNPQKLAMN[µ AνPQ∂ρAσ]KL
− 1
4
ǫNPQKLAMN[µ AνPQ[Aρ,Aσ]]EKL +
1
2
ǫMNPQK∂NPDµνρσQK ,
(4.95)
These expressions can seem rather baroque, and it may not be clear exactly what
the underlying significance of the operations ∂ˆ and • really is. To demystify the
situation, let’s solve the section condition such that M = (i, 5) with ∂i5 ≡ ∂i 6= 0.
We can determine the four-dimensional geometric nature of objects in R1, R2, R3, R4
by seeing how they transform under generalised diffeomorphisms with Λi5 ≡ vi and
Λij = 0, interpreting the vector vi as the generator of four-dimensional spacetime
diffeomorphisms.
Using Eq. (4.89) we see that Ai5 is a vector and Aij is a bivector of weight one.
In four dimensions, the latter is equivalent to a two-form (of weight zero), with
Aij = 12ǫ
ijklAkl. Using Eq. (4.90) we find that Bi is a one-form and that B5 is a
scalar of weight one, which is equivalent to a four-form, B5 =
1
4!ǫ
ijklBijkl. Then using
Eq. (4.91) we find that Ci is a vector of weight one, and so equivalent to a three-form
Ci = 13!ǫ
ijklCjkl, while C
5 is a scalar of weight zero. Finally using Eq. (4.92) we find
that Dij is a two-form and Di5 = Di is a one-form.
What we have described are sections (in the usual sense) of the following gener-
alised tangent bundles Rp with fibres Rp:
R1 ∼= TM ⊕ Λ2T ∗M , (4.96)
R2 ∼= T ∗M ⊕ Λ4T ∗M , (4.97)
R3 ∼= R⊕ Λ3T ∗M , (4.98)
R4 ∼= Λ2T ∗M ⊕ T ∗M , (4.99)
where M denotes a four-dimensional manifold. In particular, sections of these bun-
dles correspond to the vector, two- and five-form gauge transformation parameters
of 11-dimensional supergravity organised according to how they act on the fields in
the (7 + 4)-dimensional split of the coordinates. Thus sections of R1 describe four-
dimensional diffeomorphisms and gauge transformations (vi, λij), sections of R2 de-
scribe gauge transformation parameters carrying one n-dimensional index, i.e. of the
form (λµi, λµijkl), while sections of R3 are gauge transformation parameters of the
form (λµν , λµνijk) with two external legs, and finally sections of R4 describe gauge
transformation parameters with three external legs (λµνρij ,Λµνρijkl;m) in which to
obtain a SL(5) representation we have to include gauge transformations associated
to the dual graviton. These additional gauge transformations show up exactly at the
point beyond which the naive tensor hierarchy construction does not apply.
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The derivative ∂ˆ given in Eq. (4.85) then corresponds to the usual exterior deriva-
tive:
(∂ˆB)i5 = 0 , (∂ˆB)ij =
1
2
ǫijkl∂kBl , (4.100)
(∂ˆC)i = −∂iC5 , (∂ˆC)5 = 1
6
ǫijkl∂iCjkl , (4.101)
(∂ˆD)i = ǫijkl∂jDkl , (∂ˆD)
5 = 0 . (4.102)
The products • given in Eq. (4.86) to Eq. (4.88) can then be seen to correspond
to all possible wedge and interior products of the components of these generalised
tensors:
(A1 •A2)i = −A1jA2ji −A2jA1ji , (A1 • A2)5 = 1
2
ǫijklA1ijA2kl , (4.103)
(A •B)i = 1
2
ǫijklAjkBl , (A •B)5 = −AjBj , (4.104)
(A • C)ij = 1
2
AijC
5 +
1
2
AkCkij , (A • C)i5 = −1
6
ǫjklmAijCklm , (4.105)
(A •D) = AiDi + 1
4
ǫijklAijDkl , (4.106)
(B1 •B2)i5 = 1
4!
ǫjklm(B2iB1jklm −B1iB2jklm) , (B1 •B2)ij = B2[i|B1|j] , (4.107)
(B • C) = 1
6
ǫijklBiCjkl +
1
4!
ǫijklBijklC
5 . (4.108)
We can use these expressions to identify the components of the tensor hierarchy
fields with the degrees of freedom of 11-dimensional supergravity. Here we refer to
section 3.1 and in particular the redefined three-form components of Eq. (3.12) and
the field strengths Eq. (3.13).
Using the above formulae, we find that the components of the ExFT field strength
Fµν are:
Fµνi = 2∂[µAν]i − 2A[µj∂jAν]i ,
Fµνij = 2∂[µAν]ij − 2A[µ|k∂kA|ν]ij − 3∂kA[µ[ijAν]k] − 3∂kA[µ[iAν]jk] − ǫijkl∂kBµνl
(4.109)
First of all, it is clear that Fµνi coincides with the field strength Eq. (3.7) of the
Kaluza-Klein vector Aµ
i appearing in the metric decomposition Eq. (3.1), on making
the obvious identification Aµi = Aµi. Then if we dualise Aµij = 12ǫijklAµij , and
define Fµνij = 12ǫijklFµνkl, a short calculation reveals that
Fµνij = 2D[µAν]ij + 2∂[i|(−Bµν|j] −A[µkAν]|j]k) (4.110)
Here we meet again the covariant derivative Dµ = ∂µ − LAµ involving the conven-
tional Lie derivative with respect to d-dimensional diffeomorphisms. We are led to
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use a further field redefinition in order to identify the appearance of the redefined
three-form components Cµij and Cµνi
Aµij ≡ Cµij , −Bµνi −A[µkAν]ik ≡ Cµνi , (4.111)
such that referring to the expressions Eq. (3.13) for the redefined field strengths we
can identify
Fµνij ≡ Fµνij − FµνkCijk . (4.112)
The “twisting” by the internal components of the three-form is a standard feature
of quantities which transform tensorially under generalised diffeomorphisms (and
reflects the patching used to precisely define how sections of the bundlesRp transform
on overlaps [35], a detail we have glossed over in the above presentation).
We move on to the field strength Hµνρ. If we define
Bµν5 ≡ 1
4!
ǫijklBµνijkl , Cµνρi ≡ 1
3!
ǫijklCµνρjkl , (4.113)
then
Hµνρi = 3D[µBνρ]i − 2A[µ|i∂[i|Bνρ]j]
− (∂[µAνj + F[µνj)Aρ]ij − (∂[µAν|ij| + F[µν|ij|)Aρ]j − ∂iCµνρ5 ,
Hµνρ5 = 1
4!
ǫijkl
(
3D[µBνρ]ijkl +
3 · 4!
2
∂iA[µ|klBνρ]j
+
4!
2
(
−1
2
(∂[µAν|ij| + F[µν|ij)Aρ]kl −A[µ|kl∂iBνρ]j
)
+
4!
3!
∂iCµνρjkl
)
,
(4.114)
and substituting in the previous identifications leads to
Hµνρi = −3D[µCνρ]i − 3Fµν jCρij + ∂i(−Cµνρ5 +AµjAνkCρjk) , (4.115)
so that if
Cµνρ
5 = −Cµνρ +A[µjAνkCρ]jk , (4.116)
we find again by comparison with Eq. (3.13)
Hµνρi = −Fµνρi . (4.117)
This, along with the confirmation that Jµνρσ5 = −Fµνρσ, which proceeds similarly,
completes the dictionary relating the components of the three-form to the compo-
nents of the ExFT fields. (We have already seen back in section 2.3 how the gener-
alised metric contains the internal components Cijk, see Eq. (2.51).) The remaining
degrees of freedom, for instance Bµν5 and Cµνρi, contain no further new physical de-
grees of freedom, and can be identified with components of the dual 11-dimensional
six-form. We will see later how the dynamics of the SL(5) ExFT enforce the dual-
ity relation between the three-form and its dual in terms of a duality relationship
between the ExFT gauge fields.
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Finally, let’s note that to match the gauge symmetries directly requires similar
identifications. For instance, the gauge transformation of the one-form
δAµMN = DµΛMN − 1
2
ǫMNPQK∂PQλµK , (4.118)
implies for the components Aµi = Aµi and Aµij = Cµij that
δAµ
i = DµΛ
i
δCµij = DµΛij + 2∂[i(λ|µ|j] + ΛkC|µ|j]k) + LΛCµij ,
(4.119)
so on comparing with Eq. (3.16) we identify
Λij = λij , λµi = −λµi − ΛjCµij , (4.120)
where λij and λµi denote here the redefined gauge symmetry parameters of Eq. (3.15).
4.4 Dual graviton gauge transformations and constrained compen-
sator fields
The tensor hierarchy construction that we have described has to be modified when
we reach the representation Rp which coincides with R¯1. This happens for p = 8− d
(we assume d < 8 in this subsection; for d = 8 similar modifications must be made at
the level of generalised diffeomorphisms themselves and will be described in section
4.8). To describe these modifications, we follow the paper [44] discussing the E7(7)
case as well as [61] which is a detailed review of the dual graviton and its appearance
in exceptional field theory. (Explicit details for E6(6) can be found in [62, 63].)
The representation after R8−d = R¯1 is the adjoint, R9−d = adj. Let α =
1, . . . ,dimEd(d) be an adjoint index, and (t
α)M
N denote the adjoint generators val-
ued in the R1 representation. Given Vα ∈ R9−d of weight −(9 − d)ω = 1 under
generalised diffeomorphisms, the map ∂ˆ : R9−d → R8−d defined by
(∂ˆV )M = (t
α)M
N∂NVα , (4.121)
fails to be covariant. Rewriting the adjoint projector in the definition Eq. (4.7) of the
generalised Lie derivative as PMN
P
Q = (tα)N
M (tα)Q
P , and defining the structure
constants by [tα, tβ ] = fαβ
γtγ , we can obtain the generalised Lie derivative acting
on Vα:
δΛVα = Λ
K∂KVα − αfβαγ(tβ)NM∂MΛNVγ + ∂NΛNVα (4.122)
by requiring that (tα)M
N themselves be invariant. It follows that
δΛ(∂ˆV )M = LΛ(∂ˆV )M + (tβ)NP∂M∂PΛNVβ . (4.123)
The key feature of the non-covariant second term is that it involves the derivative
∂M which is constrained to obey the section condition. To compensate for this, we
can introduce fields ΞM ∈ R¯1 which are themselves constrained, and taken to be of
weight −(8− d)ω = 1 + ω. Such a “constrained compensator” field must obey
YMNPQΞMΞN = 0 = Y
MN
PQΞM∂N . (4.124)
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We declare it to have the non-covariant transformation
δΛΞM = LΛΞM − (tβ)NP∂M∂PΛNVβ . (4.125)
such that the combination
(∂ˆV )M + ΞM (4.126)
will be a generalised tensor.
In practice, one makes use of these as follows. Denote the tensor hierarchy fields
in R8−d and R9−d as follows:
Cµ1...µ8−dM ∈ R8−d = R¯1 , Cµ1...µ9−dα ∈ R9−d = adj , (4.127)
and introduce Cµ1...µ9−dM as a constrained compensator field obeying Eq. (4.124).
Then the field strength Fµ1...µ9−dM of Cµ1...µ8−dM which is obtained from the general
tensor hierarchy construction described above is modified to
Fµ1...µ9−dM = (9− d)D[µ1Cµ2...µ9−d]M + · · · + (∂ˆCµ1...µ9−d)M + Cµ1...µ9−dM (4.128)
where the ellipsis denotes terms involving lower rank p-forms determined using the
general tensor hierarchy methods and formulae that we previously described. With
both the adjoint-valued (9− d)-form and the constrained (9− d)-form given appro-
priate gauge transformations, this field strength is then invariant. In particular, the
gauge transformations of the constrained (9 − d)-form will act as shift symmetries
on the (8− d)-form, and these can be used to gauge away the dual graviton degrees
of freedom appearing in the latter.
How this works will be clearest if we do a particular example. Let’s now pick the
case d = 7, where we encounter these features in the definition of the field strength
FµνM of the one-form AµM . The representation R1, which is the fundamental 56
of E7(7), is self-conjugate. We can use the antisymmetric invariant ΩMN and its
inverse ΩMN to raise and lower indices, with ΩMPΩNP = δ
M
N , V
M = ΩMNVN and
VM = V
NΩNM . The adjoint generator with indices fully raised or lowered, tαMN or
tα
MN , is symmetric in MN . The adjoint projector is
P
M
N
P
Q = (tα)N
M (tα)Q
P
=
1
24
δMN δ
P
Q +
1
12
δMQ δ
P
N + (tα)NQ(t
α)MP − 1
24
ΩMPΩNQ ,
(4.129)
and PMN
N
M = 133 implying (tα)MN (t
α)MN = −133. The generalised Lie derivative
on generalised vectors is
LΛV M = ΛN∂NVM − 12PMNPQ∂PΛQV N + λV ∂NΛNVM . (4.130)
For the special case of λV = −ω = 12 this becomes
LΛVM = ΛN∂NV M−V N∂NVM−12(tα)NQ(tα)MP∂PΛQV N+1
2
ΩMPΩNQ∂PΛ
QV N ,
(4.131)
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consistent with the definition of the Y-tensor as in Eq. (4.32). If we now define as
before the naive field strength, Fµν = 2∂[µAν] − [Aµ,Aν ]E , its variation is
δFµν
M = 2D[µAν]M − 12(tα)MN (tα)PQ∂N (A[µP δAν]Q)
− 1
2
ΩMNΩPQ(A[µQ∂NδAν]P − ∂NA[µQδAν]P ) .
(4.132)
This as expected does not lead to a covariant transformation under generalised diffeo-
morphisms but now we have two types of terms to worry about. Thus we introduce
a two-form Bµνα in the adjoint and a further constrained two-form BµνM , obeying
(tα)
MNBMBN = 0 = (tα)MNBM∂N , ΩMNBMBN = 0 = ΩMNBM∂N , (4.133)
where we suppressed the four-dimensional indices. The full field strength is defined
as:
FµνM = FµνM − 12(tα)MN∂NBµνα − 1
2
ΩMNBµνN , (4.134)
and obeys
δFµνM = 2D[µδAν]M − 12(tα)MN∂N∆Bµνα −
1
2
ΩMN∆BµνN , (4.135)
with
∆Bµνα = δBµνα + (tα)MNA[µMδAν]N ,
∆BµνM = δBµνM +ΩPQ(A[µQ∂M δAν]P − ∂MA[µQδAν]P ) .
(4.136)
For the adjoint-valued field, this conforms to the general expressions for the tensor
hierarchy on defining BµνMN = −(tα)MNBµνα. The field strength Eq. (4.135) is
then covariant under generalised diffeomorphisms, and invariant under gauge trans-
formations altogether acting as:
δAµM = DµΛM + 12(tα)MN∂Nλµα + 1
2
ΩMNΞµN ,
∆Bµνα = (tα)MNΛMFµνN + 2D[µλν]α ,
∆BµνM = −ΩPQ(FµνP∂MΛQ − ΛQ∂MFµνP )
+ 2D[µΞν]M + 48(tα)QP (∂P∂MA[µQ)Ξν]α .
(4.137)
Now we see the new gauge symmetry associated to the constrained field, generated
by the parameter ΞµM , which must also be covariantly constrained. Importantly,
this acts as a shift symmetry of the one-form AµM . We can therefore use it – after
solving the section condition constraints on the derivatives and the constrained fields
– to gauge away the components of AµM that would correspond to dual graviton
degrees of freedom.
One can further obtain field strengths from the Bianchi identities:
3D[µFνρ]M = −12(tα)MN∂NHµνρα −
1
2
ΩMNHµνρN . (4.138)
However, these are not necessary for the formulation of the dynamics of the theory.
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4.5 The action of exceptional field theory
Now let’s gather together everything that we need to write down the bosonic dy-
namics of exceptional field theory. We organise the field content of ExFT according
to their transformation properties under generalised diffeomorphisms. We have:
• the n-dimensional metric,
gµν ∈ GL(n)/SO(1, n − 1) . (4.139)
This is a scalar of weight −2ω = 2n−2 under generalised diffeomorphisms,
δΛgµν = Λ
N∂Ngµν +
2
n−2∂NΛ
Ngµν .
• the generalised metric
MMN ∈ Ed(d)/Hd , (4.140)
where Hd denotes the maximal compact subgroup of Ed(d).The generalised
metric is a tensor of weight zero under generalised diffeomorphisms, δΛMMN =
LΛMMN .
• the tensor hierarchy gauge fields:
Aµ ∈ R1 ,
Bµν ∈ R2 ,
...
Cµ1...µ8−d ∈ R8−d = R¯1 ,
Cµ1...µ9−d ∈ R9−d = adj ,
(4.141)
plus the constrained compensator field C˜µ1...µ9−d ∈ R¯1. Each p-form has weight
−pω = pn−2 . The one-form Aµ transforms as a connection under generalised
diffemorphisms, δΛAµ = DµΛ, and the additional gauge transformations and
field strengths of the tensor hierarchy have been described in sections 4.2 and
4.4 above.
Using the transformation properties of the fields under generalised diffeomor-
phisms, the building blocks of the ExFT action can be constructed in terms of
quantities which are scalars under generalised diffeomorphisms. The full action can
be organised in terms of such blocks as:
SExFT =
∫
dnxdY
√
|g|
(
Rext(g) + Lkin +
∑
p
Lp + Lint(M, g) + 1√|g|Ltop
)
.
(4.142)
Here we have:
• the n-dimensional Ricci scalar,
Rext(g) =
1
4
gµνDµgρσDνgρσ − 1
2
gµνDµgρσDρgνσ
+
1
4
gµνDµ ln gDν ln g + 1
2
Dµ ln gDνgµν ,
(4.143)
where Dµ = ∂µ − LAµ .
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• a term involving n-dimensional derivatives of the generalised metric, which for
4 ≤ d ≤ 8 is:
Lkin = 1
4α
DµMMNDµMMN , (4.144)
For d < 4, the details depend on the group, as the generalised metric does not
solely appear in its R1 representation.
• kinetic terms for the field strengths, where if we let Σ,Π denote indices for
the Rp representation and MΣΠ the corresponding representation of the gen-
eralised metric
Lp = − 1
2 · p!MΣΠFµ1...µp
ΣFµ1...µpΠ (4.145)
In practice, kinetic terms for only a subset of the tensor hierarchy gauge fields
are included. Furthermore when n is even, the ExFT action is only a pseudo-
action, and one must also impose a twisted self-duality constraint on the n2 -form
field strength, at the level of the equations of motion, in which case if its kinetic
term is included in the action it comes multiplied by a further factor of 1/2.
• terms involving extended derivatives of the generalised metric and external
metric, which for 4 ≤ d ≤ 7 take the universal form:
Lint(M, g) = 1
4α
MMN∂MMKL∂NMKL − 1
2
MMN∂MMKL∂KMLN
+
1
2
∂MMMN∂N ln |g|
+
1
4
MMN (∂Mgµν∂Ngµν + ∂M ln |g|∂N ln |g|)
(4.146)
This can be called the “internal Lagrangian” and is often referred to as the
ExFT “potential” V (M, g) = −Lint(M, g) (as on dimensional reduction to n-
dimensions it is this term which generates a potential for the components of
MMN , which become the scalar fields of the reduced theory). For d = 2, 3
the generalised metric is reducible and does not appear solely in its R1-valued
representation. For d = 8, there are additional terms involving the structure
constants of the algebra, which we will see in section 4.8.
• the topological term, which is a Chern-Simons-like term constructed using only
the gauge fields of the tensor hierarchy and their field strengths, schematically
let us indicate this as:
Ltop ∼ A • F • H + . . . (4.147)
but the precise details depend on the dimension under consideration.
Each of the components of Eq. (4.142) is separately invariant under generalised
diffeomorphisms. The full (pseudo-)action is fixed uniquely by further requiring
invariance under external diffeomorphisms ξµ(x, Y ). These are specified by requiring
the metric-like degrees of freedom to transform as tensors, and for the gauge fields
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mirroring the transformations Eq. (2.4), Eq. (2.14) and Eq. (3.9). The resulting set
of transformations are, in general:
δξgµν = Lξgµν , δξMMN = LξMMN ,
δξAµM = ξνFνµM +MMNgµν∂Nξν ,
∆ξBµν = ξρHρµν ,
∆ξCµνρ = ξσJσµνρ ,
(4.148)
and so on. Invariance under such transformations fixes all relative coefficients in
the action: what is crucial here is the Y -dependence of the symmetry parameters
ξµ(x, Y ) which is precisely what “stitches together” the different terms in the action,
and is what makes the difference between the ExFT action and the n-dimensional
Kaluza-Klein reduced action one would obtain by truncating the dependence on these
coordinates. For the full calculation details for the different cases, see the original
papers [42–49]. We will also present an edited version of the calculation for SL(5)
in appendix A.
The Ed(d) exceptional field theories for d = 2 to d = 8, from smallest to largest,
are:
• SL(2) × R+: The simplest exceptional group is just SL(2). This case is in-
teresting as the ExFT is (9 + 3)-dimensional, and from the IIB point of view
corresponds to adding two extra coordinates: this gives a natural correspon-
dence with (and an action for) F-theory, where one introduces an auxiliary
two-torus whose complex structure from the ExFT point of view is (part of)
the generalised metric. The details of this theory were worked out in [49]
following the partial description of the tensor hierarchy in [60].
• SL(3)× SL(2): The complete SL(3)× SL(2) ExFT was constructed in [46] (an
earlier truncation of the theory had been given in [64]).
• SL(5): The SL(5) ExFT was pioneered in [31, 34] in a form closely related
to that which we used to introduce ExFT in section 2.3. Subsequently the
complete ExFT was written down in [48].
• SO(5, 5): The complete ExFT description was given in [47] (earlier work on
the internal sector can be found in [39]).
• E6(6): This was formulated in [42, 43].
• E7(7): An early version of what we would now call ExFT was in fact introduced
for the E7(7) case in [38]. A truncated ExFT version appear in [40] and the
full ExFT description was finally given in [44].
• E8(8): The full ExFT including the explanation of how generalised diffeomor-
phisms work appeared in [45] (an earlier truncation of the theory had been
given in [41]).
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There has also been remarkable progress in extending the construction to the
infinite dimensional Lie algebras which appear for d > 8:
• E9(9): The exceptional field theory based on the affine Lie algebra E9 has
been constructed at the level of generalised diffeomorphisms and the potential
involving soley internal derivatives in [50, 51].
• E11(11): The role of E11 as an underlying symmetry of M-theory has been stud-
ied for many years by West and collaborators [37, 65–71]. Here the (infinitely
many) extended coordinates can be associated to a “vector” representation
of E11, and the dynamics follows from self-duality equation imposed in the
description of the non-linear realisation of E11 acting on the coordinate repre-
sentation, with the latter containing the coordinates, and truncating to finite
subalgebras reproduces features of DFT and ExFT [40,70,72–74]. More recent
work has shown to how include the (generalisation of the) full tensor hierarchy
of ExFT, including constrained compensator fields, see [52, 75].
One minor comment is that in the above we assumed that the timelike direction
was part of the n-dimensional unextended spacetime. It is also possible to choose
the n-dimensional space to be Euclidean, in which case the generalised metric will
parametrise a coset Ed(d)/H
∗
d involving now a non-compact subgroup H
∗
d of different
signature [76]. This has been discussed in [53, 77–79].
The equations of motion that follow from the action, together with the self-
duality constraint if required, then describe the dynamics of ExFT. When obtaining
the equation of motion of the generalised metric, the fact that it is valued in a coset
must be taken into account. This means one cannot just consider arbitrary variations
of the generalised metric. The variations must obey the coset structure and so we
should consider only δMMN that obey [78, 80]
δMMN = PMNKLδMKL (4.149)
with the following projector:
PMN
KL =MMQPQN (KRML)R
=
1
α
(
δ
(K
M δ
L)
N − ωMMNMKL −MMQY Q(KRNML)R
)
.
(4.150)
The field equation of the generalised metric is then
PMN
KL δS
δMKL = 0 . (4.151)
To conclude our development of the core ideas of ExFT, we will now describe in
more detail the structure of the SL(5), E7(7) and E8(8) ExFTs. For SL(5), building
on what we have seen in sections 2.3 and 4.3, we will describe explicitly how to relate
the theory to 11-dimensional supergravity. For the other theories, we refer to the
literature for the complete details.
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4.6 Example: the SL(5) exceptional field theory
4.6.1 The action
This exceptional field theory was pioneered in [31, 34]. The details below follow the
full construction from [48] (and also [81]). We have already seen a truncated form
of this theory in section 2.3, and described the tensor hierarchy fields in detail in
section 4.3. Recall we use M,N = 1, . . . 5 to denote five-dimensional fundamental
indices, while the R1 representation of generalised vectors is the 10-dimensional
antisymmetric representation, for which we write a 10-dimensional indexM = [MN ]
as an antisymmetric pair of five-dimensional indices.
The field content of the SL(5) exceptional field theory is{
gµν ,MMN ,PQ,AµMN ,BµνM, CµνρM, . . .
}
. (4.152)
Here we have the 7-dimensional metric gµν , the generalised metricMMN ,PQ parametriz-
ing the coset SL(5)/SO(5), plus the tensor hierarchy fields: the one-form AµMN ,
two-form BµνM, and CµνρM. The corresponding field strengths of the tensor hierar-
chy fields are FµνMN ,HµνρM and JµνρσM, defined explicitly in Eq. (4.93), Eq. (4.94)
and Eq. (4.95). The four-form DµνρσMN appears in the definition of JµνρσM, but
drops out of the field equations. Hence this does not describe additional physical
degrees of freedom.
All these fields are taken to depend on the 7-dimensional coordinates, xµ, and the
10-dimensional extended coordinates, YM . The coordinate dependence of the fields
on the latter is subject to the physical section condition which picks a subspace of
the exceptional extended space. This section condition can be formulated in terms
of the SL(5) invariant ǫMNPQK
ǫMNPQK∂MN∂PQΦ = 0 , ǫMNPQK∂MNΦ∂PQΨ = 0 , (4.153)
where Φ and Ψ denote any field or gauge parameter.
It is convenient to decompose the generalised metric as [33]
MMN ,PQ = mMPmQN −mMQmPN , (4.154)
wheremMN is symmetric and has unit determinant. We denote its inverse by mMN .
Then we can write the action Eq. (4.142) specialised to SL(5) as
SSL(5) =
∫
d7xdY
√
|g|
(
Rext(g) +
1
4
DµmMNDµmMN
− 1
8
mMPmNQFµνMNFµνPQ − 1
12
mMNHµνρMHµνρN
+ Lint(m, g) +
√
|g|−1Ltop
)
.
(4.155)
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In this case, the internal Lagrangian or potential Eq. (4.146) can be expressed as
Lint(m, g) = 1
8
mMPmNQ∂MNmKL∂PQmKL +
1
2
mMPmNQ∂MNmKL∂KPmQL
+
1
2
∂MNmMP∂PQmNQ +
1
2
mMP∂MNmNQ∂PQ ln |g|
+
1
8
mMPmNQ(∂MN gµν∂PQgµν + ∂MN ln |g|∂PQ ln |g|) .
(4.156)
It can be explicitly checked that this is a scalar under generalised diffeomorphisms.
(This is the direct generalisation of the miniature SL(5) ExFT we wrote down in
Eq. (2.55), with the scalar ∆ there replaced by the full 7-dimensional metric gµν
here.)
The topological term is best represented by writing it in terms of an integral over
an auxiliary 8-dimensional spacetime:
Stop = κ
∫
d8xdY ǫµ1...µ8
(
1
4
∂ˆJµ1...µ4 • Jµ5...µ8 − 4Fµ1µ2 • (Hµ3µ4µ5 • Hµ6µ7µ8)
)
,
(4.157)
where the coefficients have been chosen so that its variation is a total derivative
δStop = 2κ
∫
d8xdY ǫµ1...µ8 Dµ1
(
− 4δAµ2 • (Hµ3µ4µ5 • Hµ6µ7µ8)
− 12Fµ2µ3 • (∆Bµ4µ5 • Hµ6µ7µ8)
+ (∂ˆ∆Cµ2µ3µ4) • Jµ5...µ8
)
,
(4.158)
and coefficient κ is determined to be
κ =
1
12 · 4! . (4.159)
In appendix A, we demonstrate this by requiring invariance under 7-dimensional
diffeomorphisms.
Kinetic terms are included for the generalised metric and the gauge fields Aµ
and Bµν . On the other hand, the field strength Jµνρσ of the gauge field Cµνρ only
appears in the topological term. This gauge field also appears in the field strength
Hµνρ. We can find its equation of motion:
∂NM
(√
|g|mMPHµνρP − 12κǫµνρσ1 ...σ4Jσ1...σ4M
)
= 0 . (4.160)
This implies a duality relation between the gauge field Cµνρ and the gauge field Bµν .
Finally, note that although the four-form DµνρσMN appears in the definition of
JµνρσM, it does so in the form ∂ˆDµνρσ and consequently drops out of the variation
Eq. (4.158), as JµνρσM only appears accompanied by ∂ˆ (specifically, we can integrate
by parts and use nilpotency of ∂ˆ to see this).
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4.6.2 Relationship to 11-dimensional supergravity
Let’s explain how to match the SL(5) ExFT action Eq. (4.155) to that of 11-
dimensional SUGRA. We rely on the decomposition of the latter described in section
3.2.
The general idea (for any ExFT) is to identify the d-dimensional coordinates
yi ⊂ YM which give a solution of the section condition. This also allows one to
identify the components Λi corresponding to d-dimensional diffeomorphisms, which
we can then use to start identifying the normal tensorial properties of the components
of the ExFT fields.
We then check the transformation of the n-dimensional metric, δΛgµν = LΛgµν
with weight −2ω. Being a scalar under generalised diffeomorphisms, the generalised
Lie derivative here reduces directly to the ordinary Lie derivative on solving the sec-
tion condition. This allows us to identify the ExFT d-dimensional metric gµν directly
with the metric denoted using the same symbol in the decomposition Eq. (3.1).
The generalised metric transforms as δΛMMN = LΛMMN with weight 0. By
checking the transformations of its components, one can write down a parametri-
sation in terms of the d-dimensional components of the eleven-dimensional metric,
φij ≡ gˆij , and the d-dimensional components of the three-form, Cijk ≡ Cˆijk, along
with components of the dual six-form.
For SL(5) in particular, the physical coordinates are yi ≡ Y i5. Then we iden-
tify the components of the generalised diffeomorphism parameters as Λi ≡ Λi5,
generating four-dimensional diffeomorphisms, and Λij = 12ǫ
ijklλkl, generating gauge
transformations of the three-form. Using this identification, it can be checked that
one can parametrise the metric exactly as in Eq. (2.51), that is as
mMN =
(
φ−2/5φij −φ−2/5φikCk
−φ−2/5φjkCk φ3/5 + φ−2/5φklCkC l
)
, Ci ≡ 1
3!
ǫijklCjkl . (4.161)
In order to check the below results, we also write for the readers’ convenience the
inverse metric:
mMN =
(
φ2/5φij + φ−3/5CiCj φ−3/5Ci
φ−3/5Cj φ−3/5
)
. (4.162)
For the tensor hierarchy gauge fields, we use the results of section 4.3:
FµνMN =
(
Fµν
i
1
2ǫ
ijkl(Fµνkl − FµνpCklp)
)
, Hµνρi = −Fµνρi , Jµνρσ5 = −Fµνρσ .
(4.163)
We have not explicitly determined Hµνρ5 or Jµνρσi, but we will see that we can
define these through the duality relation Eq. (4.160).
Now we want to insert these results into the SL(5) ExFT action, Eq. (4.142),
and compare with the decomposition Eq. (3.20) of the original 11-dimensional ac-
tion Eq. (3.19). Inserting Eq. (4.161) into the SL(5) ExFT action, a straightforward
calculation shows that Lint agrees with the corresponding term Eq. (3.26) (with
n = 7) appearing in the decomposition of the eleven-dimensional supergravity ac-
tion. The terms Lkin of Eq. (3.22) are reproduced from the analogous expression
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1
4DµmMNDµmMN in the action Eq. (4.155). As Dµgνρ = Dµgνρ on solving the
section condition, the n-dimensional Ricci scalar Rext(g) of Eq. (4.155) immediately
matches that appearing in Eq. (3.20).
Next we consider the kinetic terms for the field strength. The F2 term is easily
seen to match the corresponding expression Eq. (3.23) appearing in Eq. (3.20). The
H2 term is:
− 1
12
mMNHµνρMHµνρN =
− 1
12
φ2/5φijFµνρiF
µνρ
j − 1
48
φ−3/5(Hµνρ5 − CiFµνρi)(Hµνρ5 −CjFµνρj) .
(4.164)
To deal with Hµνρ5, we consult the duality relationship mMNHN ∼ ⋆JM appearing
under the derivative in Eq. (4.160). Taking theM = 5 component, we have explicitly
that:
φ−3/5(Hµνρ5 − CiFµνρi) = − 1
4!
1√|g|ǫµνρσ1...σ4Fσ1...σ4 , (4.165)
which implies that on-shell
− 1
12
φ−3/5(Hµνρ5 − CiFµνρi)(Hµνρ5 − CjFµνρj) = − 1
12
φ3/5FµνρσF
µνρσ . (4.166)
which is Eq. (3.25). To be a bit more accurate, if we start with the decomposition
of 11-dimensional supergravity described in 3.2 then we can dualise the three-form
component Cµνρ by introducing a field C˜µν whose equation of motion is the Bianchi
identity for Cµνρ, i.e. add to the Lagrangian a term
− 1
5! 2!
ǫµ1...µ7C˜µ1µ2(5Dµ3Fµ4...µ7 − 10Fµ3µ4 iFµ5...µ7i) . (4.167)
Integrating by parts allows us to write all terms involving Fµνρσ as:
− 1
48
√
|g|φ35
(
FµνρσFµνρσ − 1
3
√
|g|−1φ−35 ǫµ1...µ7Fµ1...µ4F˜µνρ
)
(4.168)
with a field strength for the two-form:
F˜µνρ = 3D[µC˜νρ] + . . . , (4.169)
where the dots denote extra terms arising from the Chern-Simons term. Now we
treat F4 as an independent field. Its equation of motion is algebraic:
Fµ1...µ4 −
1
6
√
|g|−1φ−35 ǫµ1...µ4µ5...µ7 F˜µνρ = 0 , (4.170)
and we can backsubstitute to eliminate F4 from the action, giving the dual descrip-
tion in which C˜µν is dynamical and Cµνρ has been integrated out. We can then
identify Hµνρ5 − CiFµνρi = F˜µνρ, in which case the duality relation Eq. (4.170)
matches Eq. (4.165), and we generate a kinetic term
− 1
12
√
|g|φ−35 F˜µνρF˜µνρ , (4.171)
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which corresponds directly to that coming from ExFT, Eq. (4.164). Carrying out
the full calculation in detail, as for instance for E6(6) in [43], shows that the ExFT
topological term then matches that of supergravity.
4.7 Example: the E7(7) exceptional Field Theory
Now we describe the E7(7) exceptional field theory, written using four-dimensional
coordinates xµ, and 56-dimensional extended coordinates YM in the fundamental
representation of E7(7). The 56-dimensional exceptional extended geometry was
originally studied in [30, 35, 36, 38, 40, 82], and the full exceptional field theory that
we describe below is based on [44].
The field content of the E7(7) exceptional field theory is{
gµν ,MMN ,AµM ,Bµνα,BµνM
}
. (4.172)
Here we have the usual 4-dimensional metric gµν , the metric MMN parametrizing
the coset E7(7)/SU(8), plus the tensor hierarchy fields: the one-form AµM and a pair
of two-forms Bµνα and BµνM . Here α = 1, . . . , 133 is an adjoint index.
The section condition is expressed in terms of the E7(7) generators (tα)
MN and
the invariant symplectic form ΩMN of Sp(56) ⊃ E7(7) as
(tα)
MN∂M∂NΦ = 0 , (tα)
MN∂MΦ∂NΨ = 0 , Ω
MN∂MΦ∂NΨ = 0 (4.173)
where Φ,Ψ stand for any field and gauge parameter. We further require, as explained
in section 4.4, that the two-form BµνM be similarly constrained, so (suppressing four-
dimensional indices)
(tα)
MNBMBN = 0 , (tα)MNBM∂NΦ = 0 , ΩMNBMBN = 0 , ΩMNBM∂NΦ = 0
(4.174)
The equations of motion describing the dynamics of the fields can be derived from
the following pseudo-action
S =
∫
d4xd56Y
√
|g|
(
Rext(g) +
1
48
gµνDµMMNDνMMN
−1
8
MMNFµνMFµνN + Lint(MMN , gµν) +
√
|g|−1Ltop
)
,
(4.175)
together with the twisted self-duality constraint for the 56 ExFT gauge vectors AµM
FµνM = 1
2
√
|g|ǫµνρσΩMNMNKFρσK (4.176)
which relates the 28 “electric” vectors to the 28 “magnetic” ones, with the field
strength defined in Eq. (4.134).
The first term in Eq. (4.175) is the covariantized Einstein-Hilbert term, Eq. (4.143).
The second term is the kinetic term for the generalized metric MMN . The third
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term is a Yang-Mills-type kinetic term for the gauge vectors AµM . Note the coeffi-
cient of the Yang-Mills term is 1/8 rather than 1/4, reflecting the fact that we also
impose a self-duality condition on the field strength. The two-forms here do not have
kinetic terms, and so represent dual degrees of freedom. We then have the internal
Lagrangian, or potential, which is as in Eq. (4.146) with α = 12. The final term in
the action Eq. (4.189) is the topological term, again most easily written as an action
in one dimension higher on an auxiliary five-manifold with the physical space given
by the boundary of the auxiliary manifold:
Stop = − 1
24
∫
d5xd56Y ǫµνρσλFµνMDρFσλM . (4.177)
This again varies into a total derivative, and the variation can be simply expressed
in four-dimensions as
δStop = −1
4
∫
d4xd56Y ǫµνρσ
(
δAµMDνFνρσM
+ 6(tα)MN∂N∆BρσαFµνM
+
1
4
ΩMN∆B˜ρσNFµνM
)
.
(4.178)
Observe that, making use of the variation Eq. (4.135), it is easy to see the equations of
motion of the two-forms merely give back (components of) the self-duality equation.
4.8 Example: the E8(8) exceptional Field Theory
Finally, let’s describe the exceptional field theory with n = 3. Here, the representa-
tion R1 = 248 is the adjoint. It is necessary to modify the definition of generalised
diffeomorphisms in order to achieve closure and to take into account the presence of
would-be dual graviton degrees of freedom entering the generalised metric. For all
lower rank cases, these degrees of freedom appeared solely in the tensor hierarchy,
where the mechanisms of section 4.4 were necessary to deal with them. In par-
ticular, there an extra constrained compensator gauge field was introduced, whose
accompanying gauge symmetry served to shift away the dual graviton degrees of free-
dom. Here, for E8(8), we have to introduce an extra shift symmetry acting alongside
generalised diffeomorphisms themselves.
Following [45], introduce the generators TM of E8(8) obeying [T
M , TN ] = −fMNKTK ,
and normalised such that the Killing form is
κMN ≡ 1
60
Tr(TMTN ) =
1
60
fMPQf
NQ
P . (4.179)
This can be used to raise and lower adjoint indices.
The generalised Lie derivative acting on a generalised vector of weight λ is
LΛVM = ΛK∂KVM − 60(P248)MKNL∂NΛLV K + λ(V )∂NΛNV M , (4.180)
with the adjoint projector
(P248)
M
K
N
L =
1
60
fMKPf
PN
L . (4.181)
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This corresponds to the Y -tensor:
YMNKL = −fMLP fPNK + 2δ(MK δN)L . (4.182)
However, this generalised Lie derivative does not give rise to a closed algebra, even
with the section condition. To compensate for the lack of closure, an extra gauge
symmetry is introduced, under which generalised vectors transform as:
δΣV
M = −ΣLfLMNV N , (4.183)
where the gauge parameter ΣM is not an arbitrary covector but is constrained as
part of the section condition of the E8(8) ExFT. This section condition applies to any
two quantities FM , F
′
M which are covariantly constrained meaning that their tensor
product projected into the representations 1⊕ 248⊕ 3875 ⊂ 248⊗ 248 vanishes,
i.e.
κMNFM ⊗ F ′N = 0 , fMNKFN ⊗ F ′K = 0 , (P3875)KLMNFK ⊗ F ′L = 0 . (4.184)
The covariantly constrained quantities of the E8(8) ExFT include the partial deriva-
tives ∂M , as usual, as well as the gauge parameters ΣM .
This section condition then ensures closure of the algebra of the combined ac-
tion of generalised diffeomorphisms and constrained ΣM transformations, which we
denote by
L(Λ,Σ) ≡ LΛ + δΣ . (4.185)
The covariant 3-dimensional partial derivative is then defined as:
Dµ ≡ ∂µ − L(Aµ,Bµ) , (4.186)
introducing alongside the usual one-form AµM an additional one-form BµM which is
covariantly constrained by Eq. (4.184).
The field content of the E8(8) ExFT is then
{gµν ,MMN ,AµM ,BµM} . (4.187)
To construct fully gauge invariant field strengths for the one-forms, it is as usual
necessary to continue the tensor hierarchy, and introduce two-forms, namely Cµν in
the trivial representation, CµνMN taken to lie in the 3875, and C˜µνMN which is
covariantly constrained on its lower index. The expressions for the field strengths
are determined to be
FµνM = 2∂[µAν]M − 2A[µN∂NAν]M + 14(P3875)MNKLA[µK∂NAν]L
+
1
4
A[µN∂MAν]N −
1
2
fMNPf
P
KLA[µK∂NAν]L
+ 14(P3875)
MN
KL∂NCµνKL + 1
4
∂MCµν + 2fMNK C˜µνNK ,
GµνM = 2D[µBν]M − fNKLA[µK∂M∂NAν]L
+ 2∂N C˜µνMN + 2∂M C˜µνNN .
(4.188)
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The action for the E8(8) ExFT constructed in [45] is
S =
∫
d3xd248Y
√
|g|
(
R(g) +
1
240
gµνDµMMNDνMMN + Lint(M, g) + 1√|g|Ltop
)
.
(4.189)
The internal Lagrangian, or potential, is now
Lint(M, g) = + 1
240
MMN∂MMKL∂NMKL − 1
2
MMN∂MMKL∂LMNK
− 1
7200
fNQP f
MS
RMPK∂MMQKMRL∂NMSL
+
1
2
∂M ln |g|∂NMMN + 1
4
MMN (∂M ln |g|∂N ln |g| + ∂Mgµν∂Ngµν) ,
(4.190)
in which we see the explicit appearance of the structure constants of E8(8). Finally,
the Chern-Simons term is:
Stop =
1
4
∫
d4xd248Y
(
FM ∧ GM − 1
2
fMN
KFM ∧ ∂KGN
)
, (4.191)
written again as an integral over an auxiliary four-dimensional spacetime, where ∧
here the standard four-dimensional wedge product. One finds that its variation is
δStop =
1
2
∫
d3xd248Y ǫµνρ
(FµνMδBρM + (GµνM − fMNK∂KFµνN )δAρM) .
(4.192)
Observe that the one-forms have no kinetic terms: their field equations imply that
they are on-shell dual to the scalar degrees of freedom contained in the generalised
metric. For instance, the equation of motion of BµM implies that
δBµM
(
1
2
ǫµνρFνρM − 1
60
|g|1/2fMPNDµMKNMKP
)
= 0 , (4.193)
setting certain components of FµνM dual to components of the scalar currents
DµMKNMKP . Solving the section condition with ∂M = (∂i, 0, . . . , 0), with i =
1, . . . , 8 we will similarly have only Bµi 6= 0. Then the equations of motion of Bµi
provide the duality relation between the Kaluza-Klein vectors Aµ
i and scalar dual
graviton degrees of freedom. However, the shift symmetry generated by ΣM allows
us to gauge away these degrees of freedom; and they do not appear in the explicit
decomposition of the action after imposing the section condition.
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5 Features of Exceptional Field Theory
We have now described the basic elements of exceptional field theory. In this section,
we will discuss some further properties and applications.
5.1 M-theory and type IIB solutions of the section constraint
Although we have motivated and in part constructed ExFT using 11-dimensional
supergravity, this was simply for pedagogical reasons. The theory really is a uni-
fying formulation of both the 10- and 11-dimensional maximal supergravities. In
particular, one can obtain the ExFT description of type IIB theory by choosing a
different solution of the section condition (while type IIA follows directly from the
11-dimensional supergravity, as usual).
The general statement is that solutions of the section condition other than ∂M =
0 break Ed(d). Solutions that break Ed(d) to some SL(D) subgroup lead to D-
dimensional diffeomorphisms and hence to a standard spacetime picture.
One way to search for subalgebras is to start with the Dynkin diagram and delete
nodes. This gives the Dynkin diagrams of subalgebras. For the Dynkin diagram of
Ed(d), there are two separate ways to obtain an SL(D) subalgebra.
5 The first is
shown in figure 2. This gives an SL(d) subalgebra. This corresponds to the d-
dimensional solution of the section condition that reduces exceptional field theory
to 11-dimensional supergravity.
Figure 2: Deleting the indicated node gives an SL(d) subalgebra of Ed(d), corre-
sponding to an M-theory solution of the section condition.
The second is shown in figure 3. This gives an SL(d − 1) × SL(2) subalgebra.
This corresponds to a (d−1)-dimensional solution of the section condition, that must
therefore give a ten-dimensional supergravity. The unbroken SL(2) means [38, 42]
that this must be the type IIB supergravity, with its SL(2) S-duality symmetry. This
IIB solution of the section condition is independent of the M-theory one, in that they
cannot be rotated into each other by an Ed(d) transformation.
Figure 3: Deleting the indicated node gives an SL(d−1)×SL(2) subalgebra of Ed(d),
corresponding to a IIB solution of the section condition.
5The construction of generalised geometries by starting with SL(D) and adding nodes to its
Dynkin was studied in [83].
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In order to make explicit contact with type IIB supergravity, one decomposes all
fields and gauge parameters under SL(d− 1)× SL(2). Let’s show this in more detail
by focusing on the example of SL(5), following [53]. The section condition is
∂[MN ⊗ ∂PQ] = 0 , (5.1)
where ∂MN = −∂NM and M is a five-dimensional index. The M-theory solution
takes M = (i, 5), with i = 1, . . . , 4, and sets
∂i ≡ ∂i5 6= 0 , ∂ij = 0 . (5.2)
This reduces to a type IIA solution of the section condition when there is a further
isometry, ∂45 = 0, for instance.
The IIB solutions takes M = (i, α), where now i = 1, 2, 3 and α = 4, 5 is an
SL(2) doublet index. The section condition is satisfied if
∂ij 6= 0 , ∂iα = 0 = ∂αβ . (5.3)
The three physical coordinates are therefore chosen to be Y ij. It can be convenient
to define yi =
1
2ǫijkY
jk so that the coordinates carry one index, albeit a lower one.
We therefore decompose a generalised diffeomorphism parameter as ΛMN =
(ǫijkΛk,Λ
iα,Λαβ). The vector Λi generates diffeomorphisms and Λ
iα is a pair of
gauge transformations for two-forms. The final component Λαβ is an SL(2) singlet
and can be identified as Λαβ = 16ǫ
αβǫijkλ
ijk where λijk is a gauge transformation pa-
rameter of the four-form. In fact the latter drops out of the generalised Lie derivative
completely. Evaluating the transformation of the generalised metric for the choice
Eq. (5.3), one finds that it can be parametrised in terms of a three-dimensional met-
ric, gij ,6 an SL(2) doublet of two-forms, Cijα and the axio-dilaton, represented as
an SL(2)/SO(2) valued matrix Hαβ, as:
mMN = g1/10
(
g1/2gij +
1
4g
−1/2HαβǫiklǫjmnCkl,αCmn,β 12g−1/2HβγǫiklCkl,γ
1
2g
−1/2HαγǫjklCkl,γ g−1/2Hαβ
)
,
(5.4)
with
Cij,α = (Cij, Bij) , Hαβ = eΦ
(
1 C0
C0 C
2
0 + e
−2Φ
)
. (5.5)
One can go to identify the components of the tensor hierarchy fields with the appro-
priate components of the type IIB fields.
Recall that type IIB contains a self-dual four-form field, and so does not have a
true 10-dimensional action. To make contact with ExFT we break 10-dimensional
Lorentz invariance. This allows us to explicitly construct both ExFT actions and
pseudo-actions describing the components of the four-form, with the duality relations
arising either directly as equations of motion within ExFT, or being imposed by hand
in the cases when n is even, reproducing the self-duality constraint of type IIB.
In general, if we are working with the extended space of Ed(d) exceptional field
theory, we must choose a d or d− 1 dimensional submanifold of this space which we
6These are the three-dimensional components of the ten-dimensional Einstein frame metric.
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will call spacetime. The natural choice will be determined by the dependence of the
fields on the coordinates (obeying the section condition). However if there are two
isometries (note that two isometries are required as opposed previously one isometry
for T-duality in DFT) then there is an ambiguity and one can choose whether you
wish to be in M-theory frame or IIB frame. This reflects the statement that M-
theory on a T 2 is dual to IIB on a circle. The dimension jumping is a result of the
fact that a wrapped membrane mode requires two dimensions, and this is swapped
with a single momentum mode in IIB.
We can also note here that one can further choose a partial solution of the
section condition, which breaks Ed(d) to its SO(d− 1, d − 1) subgroup (by deleting
the rightmost node in the Dynkin diagram). This allows one to directly reduce from
ExFT to DFT, as in [84].
5.2 Generalised Scherk-Schwarz and gauged supergravities
We learn from the above discussion that exceptional field theory contains the 11-
dimensional maximal supergravity and both the type II 10-dimensional maximal
supergravities under one extended umbrella. These theories are obtained on solving
the section condition by keeping as physical only d or d− 1 coordinates.
Exceptional field theory therefore succeeds at a Kaluza-Klein-esque unification
of the 11- and 10-dimensional maximal supergravities. This unification achieves the
further goal of providing a direct link with the Ed(d) symmetries that appear on
dimensional reduction. This answers the long-standing question as to what extent
one these symmetries are present in the original higher-dimensional theories, and
the exceptional geometry hints at the structure of string and M-theory geometries
beyond supergravity.
More practically, it is also a useful toolkit. In particular, the reorganisation of the
supergravity fields based around Ed(d) is naturally adapted for dimensional reduction
in general, not just the truncation to the n-dimensional maximal supergravity with
global Ed(d) duality symmetry obtained by setting ∂M = 0 in the ExFT action. This
means that one can consider direct reductions from ExFT to n-dimensions, and then
later re-interpret these in terms of reductions from 10- or 11-dimensions. This gives a
very useful way to study dimensional reductions and consistent truncations involving
gauged supergravity.
The dimensional reduction procedure that is used is that of generalised Scherk-
Schwarz reduction. A Scherk-Schwarz reduction [85] generalises the Kaluza-Klein
procedure to allow us to reduce higher-dimensional theories on more complicated
internal manifolds than flat tori, retaining information about the internal coordinate
dependence via a factorisation ansatz on all fields. The generalised Scherk-Schwarz
of ExFT not only contains and generalises this procedure, but allows us to relax
the section condition in a controlled manner, by retaining information about dual
coordinate dependence via a similar factorisation ansatz.7
In this section, we will describe how these ideas work in ExFT.
7Generalised Scherk-Schwarz reductions and their applications to non-geometry were pioneered
first for DFT [86–89].
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5.2.1 Scherk-Schwarz reductions
In a theory with a metric and a p-form field, the Scherk-Schwarz ansatz for the
d-dimensional “internal” components is:
gij(x, y) = u
a
i(y)u
b
j(y)g¯ab(x) ,
Ci1...ip(x, y) = u
a1
i1(y) . . . u
ap
ip(y)C¯a1...ap(x) + ci1...ip(y) ,
(5.6)
where the fields g¯ab and C¯a1...ap depend only on the coordinates x
µ of the n-dimensional
“external” spacetime, and the dependence on the d-dimensional coordinates yi enters
through the “twists” uai(y) and ci1...ip(y). In carrying out the dimensional reduction,
derivatives with respect to the internal coordinates now do not truncate immediately
out of the action. Instead, they hit these twists giving rise to “fluxes” carrying geo-
metric information about the background on which we are reducing (this background
is obtained by setting g¯ab = δab, C¯a1...ap = 0). In order that the reduced theory be in-
dependent of y, these fluxes need to be constant. The usual Kaluza-Klein reduction
is the special case uai(y) = δ
a
i, ci1...ip(y) = 0.
An obvious example of a background to which we can apply this procedure is a
(p+1)-dimensional torus with uai = δ
a
i and constant flux ha1...ap+1 ≡ δi1a1 . . . δ
ip+1
ap+1(p+
1)∂[i1ci2...ip+1].
A class of backgrounds with a non-trivial “geometric” twist uai(y) are group man-
ifolds (e.g. the three-sphere which is SU(2)), where the twists uai can be taken to be
the left-invariant one-forms obeying dua = 12fbc
aub ∧uc, with the fbca corresponding
to the structure constants of the group. These left-invariant one-forms give a global
frame, or parallelisation, describing the group manifold. In this case the dual vector
fields uia obey
Luaub = −fabcuc , (5.7)
where Lua denotes the usual Lie derivative with respect to ua. The structure con-
stants fab
c may be viewed as a sort of “geometric flux”.
The n-dimensional theory resulting from this reduction procedure can be inter-
preted as a deformation of the ordinary Kaluza-Klein reduction. The fluxes fab
c
and ha1...ia+1 have the effect of “gauging” the symmetry transformations of the n-
dimensional fields. For instance, the ansatz for the Kaluza-Klein vector
Aµ
i(x, y) = uia(y)A¯µ
a(x) , (5.8)
means that the field A¯µ
a becomes a non-Abelian gauge field: factorising d-dimensional
diffeomorphisms as Λi(x, y) = uia(y)Λ¯
a(x) leads to
δA¯µ
a = ∂µΛ
a + fbc
aA¯µ
bΛ¯c . (5.9)
In addition, a scalar potential is generated for the scalar moduli fields g¯ab and c¯a1...ap
V = −1
4
g¯abg¯cdg¯effac
efbd
f − 1
2
g¯abfca
dfdb
c + . . . . (5.10)
Phenomenologically, this is a desirable feature as otherwise we will have many mass-
less scalars.
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5.2.2 Gauged ExFT
The generalised Scherk-Schwarz ansatz in ExFT assumes a factorisation of the fields
generalising Eq. (5.6) in an Ed(d) covariant way [90–94]. This means we introduce
an Ed(d) valued twist matrix U
A
M (Y ), of unit determinant, its inverse U
M
A(Y ),
and also a a function ρ(Y ) of weight ω under generalised diffeomorphisms. These
are functions of the extended coordinates only. Then the factorisation ansatz for
the ExFT fields, taking into account their Ed(d) representations and generalised
diffeomorphism weights, is:
MMN (x, Y ) = UAM (Y )UBN (Y )M¯AB(x, Y ) ,
gµν(x, Y ) = ρ
−2(Y )g¯µν(x, Y ) ,
AµM (x, Y ) = ρ−1(Y )UMA(Y )A¯µA(x, Y ) ,
(5.11)
plus the obvious extensions to the higher rank tensor hierarchy fields.8 The symmetry
parameters are factorised similarly, in particular for generalised diffeomorphisms:
ΛM (x, Y ) = ρ−1(Y )UMA(Y )Λ¯A(x, Y ) , (5.12)
The structure of ExFT implies that UAM and ρ
−1 only appear in the symmetry
transformations and dynamics in specific combinations. We can call these combina-
tions “generalised fluxes”. They can be defined geometrically using the generalised
Lie derivative. Let U˜MA ≡ ρ−1UMA, which has weight −ω and so can be used to
take generalised Lie derivatives. We define
LU˜Aρ
−1 ≡ θAρ−1 , (5.13)
which gives the so-called “trombone” gauging
θA ≡ 1
n− 2ρ
−1 ((n− 1)UNA∂N ln ρ−1 + ∂NUNA) . (5.14)
The twist matrices themselves form an algebra under generalised Lie derivatives:
LU˜AU˜
M
B ≡ −τABCU˜MC , (5.15)
with
τAB
C = ΘAB
C +
n− 2
n− 1
(
2δC[AθB] − Y CDABθD
)
, (5.16)
in which we define ΘAB
C given by
ΘAB
C = ρ−1
(
2UCMU
N
[B∂|N |UMA] − YMNPQUCM∂NUPAUQB
− 1
n− 1
(
2δC[A∂|N |U
N
B] − Y CDAB∂NUND
))
.
(5.17)
8Observe that we do not introduce p-form twists for the latter, with a view to preserving Lorentz
invariance in reductions to an n-dimensional theory: in principle we can incorporate such twists by
moving to a bigger ExFT and sticking with the ansatz Eq. (5.11).
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For an arbitrary background, θA and ΘAB
C will be non-constant. If however we can
find twists UAM and ρ such that the generalised fluxes are constant, then we can use
the ansatz Eq. (5.11) to formulate a variant of ExFT in which the constant fluxes
θA and ΘAB
C deform the structure of the theory into a gauged ExFT. This amounts
to performing a generalised Scherk-Schwarz reduction of exceptional field theory.
In this case, the condition Eq. (5.15) shows the twists form a genuine algebra.
In general, this will not be a Lie algebra, but a Leibniz algebra.
Geometrically, the U˜AM can be thought of as a choice of generalised frame fields
(for the background obtained from Eq. (5.11) on settingMAB → δAB). If they obey
Eq. (5.15) with constant generalised structure constants τAB
C , and are everywhere
linearly independent and non-vanishing, then they provide a generalised parallelisa-
tion of the underlying generalised geometry, which is a useful way of thinking about
this construction [95] (for instance, all spheres can be made generalised parallelisable
using an appropriate generalised geometry [96]).
In a background admitting the factorisation Eq. (5.11) with constant generalised
fluxes, the algebra of generalised Lie derivatives can be closed without using the
section condition. This is because the twists UAM and ρ
−1 may depend on dual
coordinates as long as the generalised fluxes Eq. (5.14) and Eq. (5.17) do not. Closure
of the algebra of generalised diffeomorphisms now implies a weaker set of constraints.
To describe these, we should firstly think of the gauged ExFT obtained after
factorising out the twists as being described in terms of Ed(d)-valued quantities car-
rying the indices A,B, . . . . We define partial derivatives ∂A ≡ δMA ∂M , such that
for Ψ¯(x, Y ) any field or symmetry parameter obtained after this factorisation, we
require
ρ−1UNA∂N Ψ¯(x, Y ) = ∂AΨ¯(x, Y ) , (5.18)
i.e. the twist is trivial in the directions on which Ψ¯ depends. We can use Eq. (5.18)
and the definition Eq. (5.15) to show that generalised diffeomorphisms of a gener-
alised vector VM = U˜MAV¯
A of weight −ω can be written as
δΛV
M = U˜MA(L¯Λ¯V¯ A − τBCAΛ¯BV¯ C) . (5.19)
leading to the definition
δΛ¯V¯
A = L¯Λ¯V¯ A − τBCAΛ¯BV¯ C , (5.20)
of gauged generalised diffeomorphisms in the gauged ExFT. Here L¯Λ¯ denotes the
usual generalised Lie derivative expressed in terms of the barred quantities and the
indices A,B, . . . . Closure now follows from the conditions
τAB
C∂CΨ¯ = 0 , Y
MN
PQ∂MU
Q
A∂N Ψ¯ = 0 , (5.21)
plus the “quadratic constraint”
2τ[C|BEτ|D]EA + τ[CD]EτEBA = 0 , (5.22)
and the requirement that the section condition hold in terms of the coordinate de-
pendence of the barred quantities, i.e. Y ABCD∂A ⊗ ∂B = 0.
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The generalised metric M¯AB transforms under generalised diffeomorphisms of
the factorised theory as:
δΛ¯M¯AB = L¯Λ¯M¯AB + 2Λ¯CΘC(ADM¯B)D + 2α
(n − 2)
n− 1 M¯D(AP
D
B)
E
F Λ¯
EθF . (5.23)
The one-form A¯µA transforms as
δΛ¯A¯µA = D¯µΛ¯A + τBCAA¯µBΛ¯C , (5.24)
and its field strength is similarly modified
F¯µνA¯ = 2D¯[µA¯ν]A + τ[BC]AA¯µBA¯νC + . . . . (5.25)
(We omit the terms involving the B-field.)
The dynamics of the gauged ExFT now follow from those of ExFT on making
the above replacements. When θA 6= 0, these dynamics can solely be expressed in
terms of the field equations, and there is no underlying action principle. This is a
general feature of having a non-zero trombone gauging (what is being gauged here
is an overall scaling of the action, which is a symmetry of the equations of motion
but not the action itself). When θA = 0 on the other hand we can work with the
action directly. In this case, we find that alongside the modification of Dµ and the
tensor hierarchy field strengths, we also have
Lint(M, g)→ Lint(M¯, g¯) + Lcross(M¯,Θ) + Lpot(M¯,Θ) (5.26)
with
Lcross(M¯,Θ) = − 1
α
M¯ABM¯CDΘACE∂BM¯DE , (5.27)
Lpot(M¯,Θ) = − 1
2α
(
aM¯ABM¯CDM¯EFΘACEΘBDF + M¯ABΘACDΘBDC
)
, (5.28)
where the coefficients (α, a) are given by (12, 17) for E7(7), (6,
1
5) for E6(6), (4,
1
4)
for SO(5, 5) and (3, 14·2) for SL(5). (The coefficient α appears in the relationship
between the Y-tensor and the adjoint projector, Eq. (4.9), while the coefficient a is
related to representation theory of Θ – it is the a1 of appendix C of [91].)
The above construction extends the utility of exceptional field theory and pro-
vides the natural way to describe deformations and gaugings of supergravity in Ed(d)
covariant fashion. We now describe some applications and examples.
5.2.3 Gauged supergravities and consistent truncations
We can truncate to n-dimensional supergravity by using the ansatz Eq. (5.11) with
the fields M¯AB , g¯µν , . . . and gauge parameters Λ¯A, . . . independent of the extended
coordinates. Then, setting ∂A = 0 and D¯µ → ∂µ in our gauged ExFT, we obtain
an n-dimensional gauged supergravity. In an n-dimensional gauged supergravity, a
subgroup of the global Ed(d) duality group is promoted to a local (hence gauged)
symmetry. We can see how this appears from ExFT from the expression Eq. (5.24)
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for the gauge transformations of the one-form, which is clearly of a non-abelian
form; furthermore the potential term Eq. (5.28) coincides with the scalar potential of
maximal gauged supergravity. We then identify ΘAB
C with the embedding tensor of
gauged supergravity, and θA with the so-called trombone gauging. The embedding
tensor describes the embedding of the gauged subgroup into the adjoint of Ed(d),
i.e. we can write ΘAB
C = ΘA
α(tα)B
C in terms of the adjoint generators (tα)B
C .
Closure of the gauge algebra requires that the embedding tensor must obey the
quadratic constraint Eq. (5.22), while supersymmetry requires that it also obey
a linear constraint, namely that ΘAB
C is valued in certain representations in the
product R1 ⊗ adj. The structure of the generalised Lie derivative of ExFT turns
out to guarantee the latter constraint, always producing the embedding tensor in
the correct representations. This is another signal that the bosonic ExFT secretly
knows about supersymmetry.
This approach allows one to very efficiently describe reductions to gauged super-
gravities in exceptional field theory. This turns out to have many advantages. As we
re-order the supergravity fields in a manner directly adapted to dimensional reduc-
tions, it is often much simpler to express results on reductions and uplifts in terms
of ExFT. For instance, one can use ExFT to prove that truncations about certain
backgrounds are consistent (i.e. that any solution of the lower-dimensional theory
can be uplifted to a solution of the higher-dimensional one) by making use of the con-
sistency conditions of the generalised Scherk-Schwarz procedure rather than working
with much more cumbersome formulae in supergravity. A sampling of such work, in
the context of exceptional generalised geometry or ExFT, includes [93, 96–107]. As
examples of the power of ExFT in this context we can mention the first proof of the
consistency of the truncation of type IIB on AdS5 × S5 [96,98], and recent progress
in obtaining a general method to compute Kaluza-Klein mass spectra [108].
5.2.4 Massive IIA
As well as gauged supergravities in dimensions lower than ten, we can also the gen-
eralised Scherk-Schwarz procedure to engineer deformations of the ten-dimensional
supergravities themselves. The surprising feature here is that in order to do so, it is
necessary to make explicit use of dual coordinate dependence in the twist matrices.
In to explicitly demonstrate this feature, we will describe two examples. The first
is the massive IIAtheory, also known as the Romans supergravity [109], which was
was studied in DFT in [110] and in ExFT in [94, 111].
The massive IIA theory is a (supersymmetry preserving) deformation of the
ten-dimensional type IIA supergravity via a deformation parameter m known as the
Romans mass, which can be interpreted as the Hodge dual of a 10-form field strength
(and so appears when D8 branes, which couple electrically to an RR 9-form, are
present [112]). The Romans deformation modifies the gauge transformations, such
that under a gauge transformation of the NSNS two-form we have
δB2 = dλ1 , δC1 = −mλ1 , δC3 = −mB2 ∧ λ1 , (5.29)
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leading to modified field strengths
F2 = dC1 +mB2 , F4 = dC3 −H3 ∧ C1 + m
2
B2 ∧B2 . (5.30)
The Romans mass also appears in the action as a cosmological constant-like term
SRomans ⊃ −1
2
∫
d10x
√
|g|m2 . (5.31)
This cannot be obtained from a dimensional reduction of the 11-dimensional maximal
supergravity (though it can be obtained from a non-covariant modification of the
latter involving a Killing vector [113]).
In both double and exceptional field theory, massive IIA can be incorporated by
choosing a solution of the section condition in which the fields depend on the coordi-
nates of a IIA section and on dual coordinates associated to a type IIB section. This
dual coordinate dependence must be of a particular form such that the theory still
makes sense: this form is exactly that of a generalised Scherk-Schwarz factorisation.
Let us see how this works explicitly, using our favourite example of the SL(5)
ExFT. We want to discuss now both IIB and IIA solutions of the section condi-
tion. We therefore write the five-dimensional index M = (i, 4, 5) with i a three-
dimensional coordinate. The extended coordinates used in the SL(5) ExFT are
YMN = (yi5, yij , yi4, yi5, y45). Here we can identify both IIB physical coordinates,
yij , and IIA physical coordinates, yi5 (these are T-dual sets of coordinates - we
can make other choices of IIB and IIA coordinates but it is convenient to use this
symmetric pairing).
The generalised metric written as a five-by-five matrix mMN can be factorised
using a generalised vielbein EAM such that
mMN = EAMEBN δAB , (5.32)
where A,B are five-dimensional flat indices. We can use a frame adapted to the IIB
solution of the section condition (recall that we dualise the physical indices yij → yi
hence the three-dimensional indices appear upside down):
EAM = e1/10
(
e1/2ei
a 0
1
2e
−1/2hα¯αǫiklCkl,α e−1/2hα¯α
)
, (5.33)
where ei
a is a (inverse) vielbein for the three-dimensional (Einstein frame) metric,
Cij,α are the RR and NSNS two-forms, and hα¯α is a vielbein for the SL(2)/SO(2)
coset element containing the dilaton and RR zero-form. Alternatively, we can use a
frame adapted to the IIA solution of the section condition:
EAM = e4Φ/5e1/10
e−1/2e−Φeai 0 −e−1/2e−ΦeaiBie−1/2Ci e−1/2 e−1/2(C − CkBk)
0 0 e−Φe1/2
 . (5.34)
Here eai is a vielbein for the three-dimensional (string frame) metric, B
i ≡ 12ǫijkBjk,
C ≡ 16ǫijkCijk, and Φ is the dilaton.
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Now suppose we take the following SL(5) element to define a generalised Scherk-
Schwarz twist of the SL(5) ExFT:
UAM =
 δai 0 01
2mǫijky
jk 1 0
0 0 1
 , (5.35)
where we now take the indices A,B, . . . to correspond to the indices of the gauged
exceptional field theory (with in this case the ten-dimensional index A ≡ [AB]).
Comparing Eq. (5.35) with Eq. (5.33) and Eq. (5.34), we see that in the type IIB
theory this corresponds to expanding about a background in which the RR two-
form has a linear dependence on the physical coordinates, Cij = myij, and in the
IIA theory to the RR one-form having a linear dependence on dual coordinates,
Ci = m
1
2ǫijky
jk. In effect, this set up corresponds to starting with a IIB theory
with a constant RR three-form flux, F3 ∼ m, and then T-dualising on the three-
directions in which this flux is present in order to obtain the Romans IIA theory with
RR 0-form flux, F0 ∼ m (of course, this is not the only possible route to massive
IIA [94]).
Let us define y˜i =
1
2ǫijky
jk and take the following factorisation ansatz:
gµν(x, Y ) = gµν(x, Y¯ ) ,
mMN (x, Y ) = UAM(y˜)UBN (y˜)m¯AB(x, Y¯ ) ,
AµMN (x, Y ) = UMA(y˜)UNB(y˜)A¯µAB(x, Y¯ ) ,
(5.36)
(and so on for the tensor hierarchy fields) where Y¯ A = (ya5, yab, ya4, y45) denote the
coordinates of the gauged ExFT, in which the physical dependence of the fields is
constrained according to the constraints above.
In general, the SL(5) embedding tensor ΘAB,CDEF can be written as
ΘAB,CDEF = 4ΘAB[C [Eδ
F ]
D] . (5.37)
For the specific twist matrix Eq. (5.35), the trombone Eq. (5.14) vanishes, θAB = 0,
and ΘABCD has components Θabc4 = 3mǫabc, hence
τab,c5
45 = Θab,c5
45 = 3mǫabc , τab,cd
4e = Θab,c5
4e = 6mǫab[cδ
e
d] . (5.38)
In addition to the section condition ∂[AB⊗∂CD] = 0 in the gauged ExFT, we require
from the first constraint of Eq. (5.21) that ∂45 = ∂a4 = 0, and from the second
we must have ∂ab = 0. This selects as expected the coordinates y
a5 = δaiy
i5 as
being physical, as we would expect. Additionally, one can check that the quadratic
constraint Eq. (5.22) is obeyed.
The generalised metric describing the three-dimensional “internal” components
of the massive IIA fields is:
m¯AB = e8Φ/5
g−2/5(e−2Φgab + CaCb) g−2/5Ca g−2/5(−e−2ΦgacBc + Ca(C − CcBc)g−2/5 g−2/5(C − CcBc)
g3/5(e−2Φ(1 + gcdBcBd) + (C − CcBc)2

(5.39)
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with Ba ≡ 12ǫabcBbc, C ≡ 16ǫabcCabc, and Φ the dilaton. With θAB = 0, generalised
diffeomorphisms induce massive gauge transformations that follow from:
δΛ¯mAB ⊃ ΛCDΘCD(AEmB)E = Λcd3mǫcdeδe(AmB)4 , (5.40)
which defining λa =
1
2ǫabcΛ
bc implies
δCa = 3mλa , δCabc = 3m · 3λ[aBbc] , (5.41)
reproducing the modified gauge transformations Eq. (5.29). From this it follows using
the generalised diffeomorphism invariance of ExFT that the complete massive IIA
theory is reproduced, as can be explicitly checked in detail using the complete ExFT
to IIA dictionary. In particular, the modification of the ExFT action Eq. (5.28) can
for SL(5) be written as
Lpot = − 1
12
m¯ABm¯A
′B′m¯CCm¯EFΘAA′CEΘBB′DF − 1
4
m¯ABm¯A
′B′ΘAA′CDΘBB′DC
(5.42)
and this reproduces the Romans cosmological term Eq. (5.31).
5.2.5 Generalised IIB
A second case where a deformation of one of the ten-dimensional theories can be
realised in ExFT using dual coordinate dependence is the so-called generalised IIB
theory. This theory arose when studying remarkable deformations of the AdS5×S5
superstring which preserve integrability. Certain such integrable deformations pro-
duce string models for which the target space does not satisfy the usual supergravity
field equations, but rather obeys the equations of motion of a generalised IIB theory.
These equations of motion turn out to be implied by the conditions of κ-symmetry
for the type II superstring [114,115] and are weaker than the usual Weyl invariance
conditions.
The generalised IIB equations involve the usual metric and form fields, but in
place of the usual dilaton Φ we introduce a Killing vector field K and a one-form Z
such that dZ = ιKH3, where H3 is the field strength of the NSNS two-form. When
the Killing vector vanishes, we can introduce the dilaton Φ by writing Z = dΦ. If
the Killing vector K is chosen to be adapted to a given direction y∗, i.e. Ki = δi⋆,
then we can locally write Zi = ∂iΦ−Bi⋆. This resembles a “gauging” of the dilaton
derivative, ∂iΦ→ ∂iΦ−Bi⋆.
This can be accommodated within both DFT and ExFT by introducing a gen-
eralised Scherk-Schwarz ansatz which amounts to requiring the IIB dilaton depend
linearly on a coordinate associated to a dual IIA section [116, 117]. Note that this
amounts to gauging the trombone, and so the corresponding gauged ExFT is defined
solely in terms of its equations of motion, exactly as is the case for the generalised
IIB theory which does not have a known action. (A recent review of integrable de-
formations and generalised IIB with more details of the applications of DFT/ExFT
to this interesting area of research is [118].)
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5.3 Supersymmetry
Everything we have presented has been entirely bosonic, but did in a sense know
about supersymmetry. This was apparent in the fact that the bosonic symmetries of
ExFT fixed all coefficients of the bosonic action, whereas conventionally one would
use supersymmetry to fix the normalisation of the Chern-Simons term. Furthermore,
the structure of the generalised Lie derivative gave rise to the precise representations
of the embedding tensor of gauged maximal supergravity, which are also normally
fixed by supersymmetry.
The explicit supersymmetrisation of the bosonic ExFT action can be constructed.
The fermions transform as spinors of SO(1, n − 1) and in representations of the
denominator subgroup Hd of the Ed(d)/Hd coset. The details for E7(7) were worked
out in [119] (with a superspace formulation provided in [120]), those for E6(6) in [62],
and E8(8) in [121].
We can also use ExFT to describe (reductions on) backgrounds that break some
amount of supersymmetry. In fact, this has long been a powerful motivation for [15]
and application of generalised geometry [122,123] (so below we somewhat freely are
referring on the same footing both to exceptional generalised geometry and ExFT
with the section condition solved). The main idea captured by generalised diffeomor-
phisms is the unification of metric and form-field symmetries and degrees of freedom.
This means that generalised geometric quantities can naturally be used to describe
features of flux compactifications, including the Killing spinor equations and their
solutions in the presence of fluxes.
One useful feature here is that one can characterise the existence of a partic-
ular number of Killing spinors, equivalent to the presence of a particular amount
of supersymmetry, in terms of bosonic generalised tensors which must be nowhere
vanishing on spacetime, and which will generically obey certain compatibility and
integrability conditions. These objects generalise the holomorphic three-form and
symplectic two-form of Calabi-Yau manifolds. See for example [103,104,124,125]
In general, supergravities with less than maximal supersymmetry have different
bosonic spectra and ultimately different U-duality groups and thus theories with
lower supersymmetry will have different associated generalised geometries. So far
this has been relatively unexplored with the majority of work being done for the
maximal case. One approach has been to consider ExFT on K3 where by introducing
additonal vector fields the duality between M-theory on K3 and the heterotic theory
on T 3 can be described [126]. Another (not unrelated approach) to enlarge the
“duality web” of supergravities that can be described in ExFT is to take quotients
by discrete subgroups of Ed(d) which eliminate degrees of freedom while preserving
some amount of supersymmetry. We will discuss how this can be done for half-
maximal theories next.
5.4 O-folds and half-maximal theories
The idea here is to introduce generalised notions of orbifolds and orientifolds within
ExFT [127]. Given ZMN ∈ Gdiscrete ⊂ Ed(d), we impose a quotient via an identifica-
85
tion on the extended coordinates
(Xµ, YM ) ∼ (Xµ, Y ′M ) = (Xµ, ZMNY N ) , (5.43)
and the ExFT fields:
gµν(X,Y ) ∼ gµν(X,Y ′) ,
MMN (X,Y ) ∼ (Z−1)PM (Z−1)QNMPQ(X,Y ′) ,
AµM (X,Y ) ∼ ZMNAµN (X,Y ′) ,
(5.44)
plus similar transformations of the other tensor hierarchy fields according to their
representations. In general, the identification YM ∼ ZMNY N may be entirely ge-
ometric, in that physical coordinates are identified with physical coordinates, or
non-geometric, in that physical coordinates are identified with dual coordinates. In
the former case, the quotient will describe orbifolds or orientifolds, while the latter
case corresponds to asymmetric orbifolds and non-perturbative generalisations. We
can refer to such constructions as generalised orientifolds [128] or, by analogy with
T- and U-folds, “O-folds” (indeed in general T/U-fold compactifications such O-fold
quotients appear at fixed points in moduli space [129]).
As we mentioned above, the preservation of some given amount of supersymmetry
by some ExFT configuration can be described in terms of an appropriate set of
generalised tensors, whose (global, non-vanishing) existence is equivalent to that
of the requisite amount of Killing spinors of the background. Given such a “half-
maximal structure” for a given ExFT [104], quotients which preserve the existence
of the half-maximal structure can be classified, as was done for SL(5) in [127].9
The simplest such quotient uses a Z2 ⊂ SL(5) which is generated by
ZMN = diag(−1,−1,−1,−1,+1) , (5.45)
acting on the fundamental representation. Quotienting by this action defines a Z2
O-fold without referring to a specific solution of the section condition. The transfor-
mation Eq. (5.45) acts on the extended coordinates as YMN → ZMPZNQY PQ, so
that there are six even and four odd coordinates. Out of these, we have to choose 4
or 3 physical coordinates such that the section condition is obeyed. These physical
coordinates will then either be even or odd according to the precise match between
the ExFT coordinates and the physical ones.
In an M-theory solution of the section condition, the single Z2 Eq. (5.45) describes
two distinct quotients of 11-dimensional supergravity. In the first, the physical co-
ordinates yi ≡ Y i5 have parity (−+++), and this together with the action induced
on the spacetime fields (gˆ, Cˆ3) → (gˆ,−Cˆ3) matches the Hořava-Witten quotient of
M-theory on an interval. In the second, the physical coordinates yi ≡ Y i5 have par-
ity (− − −−), and the set-up describes a geometric orbifold of M-theory on R4/Z2
or T 4/Z2.
9Some earlier occurences of orientifold constructions in doubled or exceptional geometry include
[130–132]. Notably in the doubled case the Z2 orientifold quotient is not an element of O(d, d) but
rather sends the O(d, d) metric η to minus itself [131].
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Conversely, in a IIB solution, the Z2 Eq. (5.45) describes three separate case.
In two of these, the physical coordinates yi ≡ 12ǫijkY jk have parity (+ + +). The
quotients then differ according to whether they act as diag(+1,−1) or (−1,+1) on
the SL(2) doublet of 2-forms. One possibility gives a ten-dimensional theory in
which C0, B2, C4 are projected out, while the other gives a ten-dimensional theory
in which C0, C2, C4 are projected out. We identify the former with the orientifold of
type IIB giving the type I theory, and the latter with the S-dual heterotic SO(32)
theory. The third possibility has physical coordinates of parity (− −+) and can be
identified with type IIB in the presence of O7 orientifold planes. (The T-duals of
these theories, namely heterotic E8 × E8 and type IIA in the presence of O8 and
O6 orientifold planes, can be found in the corresponding type IIA solutions of the
section condition).10
An extended geometric interpretation is as follows. Four of the coordinates YM
being odd, we have 24 fixed points of the Z2 quotient. Each of these fixed points
gives a 7 + 6 dimensional “O-fold plane” These can intersect with the 7 + 4 or 7 + 3
dimensional physical spacetime in a variety of ways, giving conventional orientifold
planes as well as other fixed point hyperplanes. When the odd coordinates are all
dual, the fixed points do not occur in the physical directions and so the O-fold planes
fill the entire physical spacetime. Then, we obtain true 10-dimensional theories
corresponding to type IIB in the presence of O9 planes (i.e. type I), or the heterotic
theories (which can perhaps be associated to certain NS9 planes [133]). Alternatively,
there can be genuine fixed points in some of the physical directions Y i, so that the
O-fold plane is not spacetime filling but rather becomes for example an ordinary
orientifold plane (perhaps automatically accompanied by D-branes) in spacetime, or
some even more non-perturbative generalisation (in the M-theory geometric orbifold,
the fixed point planes can be thought of as the strong coupling limits of O6 plus D6
brane configurations).
5.5 Higher derivative corrections
Supergravity is the low energy effective action of string and M-theory, and there-
fore receives corrections at high energies. In string theory, these corrections can be
organised into an expansion in α′, the string length, and also in gs, the string cou-
pling. Given that duality is believed to be a symmetry of the full quantum string
theory, it is expected that the structure of these expansions should be compatible
with O(d, d) or Ed(d) – for the former case evidence for the O(d, d) symmetry in
the first order corrections to the cosmological truncation (keeping time dependence
only) of the NSNS was shown long ago in [134]. Without making such truncations,
one might hope that the new approaches of DFT and ExFT may provide a useful
starting point for computing the form of such corrections directly in ten- or eleven-
dimensions. And indeed, in the ten-dimensional case, there has been much progress
on working out the form of α′ corrections of the bosonic and heterotic supergravities
10It is possible to include the extra vector multiplets in the ExFT construction [127] however the
precise identification of the gauge group as E8 ×E8 and SO(32) is done by hand, in the absence of
an ExFT version of anomaly cancellation arguments.
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using extensions of doubled geometry [135–146].
Meanwhile, a remarkable application of exceptional field theory is to compute the
higher derivative corrections to maximal supergravity in n-dimensions in an Ed(d)
covariant fashion. This can be done by computing amplitudes in ExFT [147–149].
In this set-up, one first uses the result that the one loop amplitude in maximal su-
pergravity can be reduced to the scalar box diagram. The extended space is taken to
be toroidal and the scalar field expanded in a Fourier expansion involving the gen-
eralised momenta pM associated to the directions Y
M . These generalised momenta
then are allowed to run in loops, as long as the generalised momentum pM obeys
the section condition in momenta space. Thus one arrives at a sum over a lattice of
momenta subject to the algebraic constraint corresponding to the section condition.
These sums may be carried out and give generalised Eisenstein series associated to
Ed(d) symmetry. This is the exceptional field theory extension of the work done
in [150] where the one-loop box in eleven dimensions with a toroidal background al-
lowed the calculation of SL(2) invariant amplitudes for the IIB string which could be
used to determine the 1/2 BPS protected higher derivative corrections. Even more
impressive results in [149] going to higher loops and lower supersymmetry show the
utility of the ExFT approach in encoding non-trivial properties of string theory and
as a calculation tool for the quantum theory.
6 Branes in Double and Exceptional Field Theory
6.1 Waves and monopoles in Kaluza-Klein theory
We began, in section 2 by describing Kaluza-Klein theory. We will now discuss
the Kaluza-Klein perspective on solutions of the lower-dimensional theory which are
electrically and magnetically charged under the Kaluza-Klein vector. These become
purely geometric solutions in the higher-dimensional theory. This will point the
way to interpreting brane solutions in the extended geometry of both double and
exceptional field theory.
We first need a brief discussion on the nature of charges in general relativity.
There are various ways to define conserved charges associated to solutions, and here
we will use the ADM definition. [151] Given a Killing vector ξ, the associated ADM
conserved charge is defined as an integral over a surface at spatial infinity:
Q[ξ] =
1
16πG
∫
∞
dΣµν
√
|g|
(
−2∇[µξν] − 2ξ[µBν]
)
(6.1)
where ∇µ is the Levi-Civita covariant derivative and Bµ = ∂νgµν + gµν∂ν ln g is
the boundary vector. A time-like Killing symmetry implies a conserved energy,
which is the ADM mass, and a space-like translational symmetry implies a conserved
momentum.
Now let’s consider a Kaluza-Klein reduction from d + 1 to d dimensions, and
denote the extra dimension by z. In the Kaluza-Klein reduced theory, electric charge
corresponds to momentum in the Kaluza-Klein direction, which is defined using
Eq. (6.1), Pz ≡ Q[ ∂∂z ]. The mass of the solution follows from P0 ≡ Q[ ∂∂t ]. Of
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particular relevance for the generalisation to branes are BPS-type solutions where
the charge determines the energy, which here implies P0 = |Pz |. A solution with
such a property is a null wave. Exact solutions of this type are known in relativity
and are called pp-waves:
ds2 = −H−1dt2 +H(dz + (H−1 − 1)dt)2 + δijdxidxj (6.2)
The function H is a harmonic function of the transverse directions xi, and one
solution is H(r) = 1 + p/rd−3 with r =
√
xixjδij . Evaluating the conserved charges
according to Eq. (6.1), the parameter p in the harmonic function corresponds (with
appropriate normalisation) to the momentum. As the solution Eq. (6.2) has a Killing
symmetry along z, it is independent of the z coordinate and obeys the Kaluza-
Klein constraint ∂z = 0. The Kaluza-Klein vector Aµ has one non-zero component,
At = H
−1 − 1, and is the gauge potential for an a electric field.
We can further construct magnetic charges, by interpreting the Kaluza-Klein
spacetime as only locally a product spacetime, with the Kaluza-Klein circle fibred
over the lower-dimensional spacetime. An example of such a solution is the Kaluza-
Klein monopole first described (for d = 4) by Sorkin [152] and Gross and Perry [153]:
ds2 = −dt2 +H−1(dz +Aidxi)2 +Hδijdxidxj . (6.3)
Here the field Ai, which is the Kaluza-Klein vector and corresponds to a Dirac
monopole potential in the reduced theory, is related to the harmonic function H as
follows:
∂[iAj] =
1
2
ǫij
k∂kH , H = 1 +
g
r
. (6.4)
The four-dimensional spacetime can be viewed as M4 = Rt×R+×S2, where r ∈ R+
is the radial direction, and the Kaluza-Klein circle S1 is fibred over the S2 using the
Hopf fibration of S3, so that M5 = Rt × R+ × S3.
The mass of the KKM monopole will be given by the ADM formula, Eq. (6.1).
The magnetic charge, corresponding to the parameter g in the harmonic function in
Eq. (6.4), is however measured as the first Chern class of the S1 fibration. That is,
g =
1
2π
∫
S2
F , (6.5)
where locally F = dA as defined above in equation Eq. (6.4).
6.2 Branes are waves and monopoles in double field theory
Now, again following the intuition developed in section 2, we will extend the above
discussion to brane solutions in double field theory.
First of all, we can define a doubled version of the ADM charge Eq. (6.1). We
define a generalised Killing vector to be a generalised vector field ΛM which preserves
the generalised metric and dilaton, LΛHMN = 0 and LΛd = 0.11 Given such
11Generalised vectors which generate trivial transformations always lead to a vanishing charge.
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a generalised Killing vector, the corresponding generalisation of the ADM charge
Eq. (6.1) is: [154–156]
Q[Λ] ∼
∫
∞
dΣMNe
−2d(−4(P¯Q[MPP [N − PQ[M P¯P [N )∇QΛP − 2B[MΛN ]) , (6.6)
where ∇M denotes the DFT covariant derivative [16, 17, 157, 158] which annihi-
lates the generalised metric, O(d, d) structure, and the generalised dilaton, PMN =
1
2 (δ
M
N − HMN ), P¯MN = 12(δMN + HMN ) are orthogonal projectors and the DFT
boundary vector [159] is BM = −∂NHMN + 4HMN∂Nd. (We use ηMN and its
inverse to raise and lower indices.)
To describe solutions in DFT language, we will write
ds2|DFT = HMNdXMdXN , (6.7)
which must be interpreted carefully as this is not a true line element. One can
think of it purely as a useful shorthand for solutions, or in the context of brane
worldvolume actions one can be more precise. Let us take a paragraph to expand
on this: note though this is somewhat of a technical digression.
The issue with Eq. (6.7) is that it does not transform covariantly under gener-
alised diffeomorphisms. If one writes string or brane actions with a doubled tar-
get space, one would like to pull back Eq. (6.7) to the worldvolume. This can be
done by “gauging” the non-physical dual directions, as originally discussed in the
doubled sigma model of [160, 161] and later in the context of DFT in [162]. This
gauging replaces dXM → dXM + VM , where VM is an auxiliary worldvolume one-
form. This one-form is constrained to obey VM∂M = 0, and is assigned a trans-
formation under generalised diffeomorphisms acting as δΛX
M = ΛM such that the
gauged line element ∆s2 ≡ HMN (dXM + VM )(dXN + V N ) transforms covariantly,
δΛ(∆s
2) = LΛHMN (dXM + V M )(dXN + V N ). This ensures that when Λ is a gen-
eralised Killing vector, we obtain a symmetry on the worldvolume. On choosing a
solution of the section condition, we can write VM = (0, V˜µ). Then the dual coordi-
nates only appear in the combination dx˜µ+ V˜µ and we can integrate these out using
the algebraic equation of motion for V˜µ. As no fields depend on the x˜µ, there is a
shift symmetry x˜µ → x˜µ+ϕµ, which is what we gauge to eliminate these coordinates,
with V˜µ → V˜µ − dϕµ. With this caveat in mind, we will continue to use Eq. (6.7) as
a shorthand for expressing solutions in terms of the generalised metric.
Returning to the description of brane solutions in DFT, we start with the DFT
wave. The form of this solution is most easily found by writing the pp-wave solution
Eq. (6.2) in terms of the generalised metric. Let the doubled coordinates be XM =
(t, z, xi, t˜, z˜, x˜i). Here i = 1, . . . , d−2 labels the doubled transverse coordinates. The
wave solution in DFT is: [80]
ds2|DFT = (H − 2)(dt2 − dz2)−H(dt˜2 − dz˜2)
+ 2(H − 1)(dtdz˜ + dt˜dz)
+ δijdx
idxj + δijdx˜idx˜j ,
e2d = constant .
(6.8)
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Analysing the DFT equations of motion shows that the functionH must be harmonic
in the coordinates (xi, x˜i)
(∂i∂
i + ∂˜i∂˜i)H = δ (6.9)
subject to the weak constraint. (The δ function is such that H is actually harmonic
away from the position of the wave itself. For a detailed discussion where the wave
is in fact sourced by the doubled string, see [163].) It is simplest to set ∂˜i = 0, and
identify the xi with the physical spacetime coordinates, such that one solution is
H = 1 + p
rd−4
.
The DFT wave Eq. (6.8) is independent of the coordinates (t, z, t˜, z˜). In order
to use the generalised ADM expression Eq. (6.6), we commit to taking t as the
physical timelike direction (as the integration in Eq. (6.6) is over a constant time
hypersurface). Then the generalised Killing vectors ∂∂t and
∂
∂z˜ turn out to give non-
zero charges:
Q[∂/∂t] = ±Q[∂/∂z˜] ∼ p . (6.10)
This makes precise the interpretation of Eq. (6.8) as a null wave carrying momentum
in the z˜ direction. (The sign allows for the wave with the opposite orientation,
z˜ → −z˜.)
If we then interpret (t, z˜, xi) as the coordinates of the physical spacetime, we find
exactly the d-dimensional pp-wave solution of the form Eq. (6.2).
On the other hand, if we interpret (t, z, xi) as the coordinates of the physical
spacetime, we find a different spacetime solution:
ds2 = H−1(−dt2 + dz2) + δijdxidxj ,
B = (H−1 − 1)dt ∧ dz ,
e−2Φ = H ,
(6.11)
which is exactly that sourced by a fundamental string. From the DFT perspective,
this carries momentum in the dual direction, z˜, and the DFT momentum Q[∂/∂z˜]
corresponds to the electric charge of the B-field.
Thus, wave-like solutions of DFT correspond to either pp-wave or fundamental
string solutions of supergravity, depending on the direction of orientation of the
wave. The electric charge of the B-field is geometrised in doubled space into dual
momentum.
We have done the electric charges, and so the next step is to find the magnetic
charges, now following the form of the Gross-Perry-Sorkin solution. We write our
doubled coordinates as XM = (xa, z, yi, x˜a, z˜, y˜i), where i = 1, 2, 3 and a = 0, . . . , 5.
We take the coordinate z˜ to correspond to the fibre of the S3, and write the DFT
monopole as [164]:
ds2|DFT = H(1 +H−2δijAiAj)dz2 +H−1dz˜2
+ 2H−1Ai(dyidz˜ − δijdy˜jdz)
+H(δij +H
−2AiAj)dyidyj +H−1δijdy˜idy˜j
+ ηabdx
adxb + ηabdx˜adx˜b
e−2d = He−2φ0 ,
(6.12)
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with Ai and H are related as for the Gross-Perry-Sorkin monopole, and are chosen
to depend on the transverse coordinates yi. Choosing the physical coordinates to
be (xa, z˜, yi) this exactly corresponds to the string theory Kaluza-Klein monopole.
On the other hand, choosing the physical coordinates to be (xa, z, yi), we find a
solution which has magnetic charge under the B-field and corresponds to the NS5
brane solution. In this case, the dual coordinate z˜ is fibred over the physical space
in a non-trivial manner, and we can interpret the magnetic charge of the B-field
as measuring the twisting of the novel extended space over the usual spacetime.
One can use the (non-constant) generalised fluxes fAB
C of DFT (defined in terms
of a choice of doubled vielbein, EMA with LEAEB = −fABCEC) to write down
an O(d, d) covariant expression unifiying the magnetic charge of the B-field with
the charge associated to the first Chern class of the monopole fibration - see the
discussion in [154].
6.3 Branes in exceptional field theory
In exceptional field theory, we similarly have that charged brane solutions corre-
sponds to solutions either carrying momentum in the extended space or exhibiting
a monopole-type fibration in the extended space [80, 164,165].
We can denote our extended coordinates (in an M-theory solution of the section
condition) as YM = (yi, yij, yijklm, . . . ). Then, while null waves travelling in the
physical yi directions give the usual pp-waves, a null wave in one of the dual yij
directions gives an M2 solution (with the brane wrapping the ij directions) and
momentum in one of the yijklm directions corresponds to an M5 (wrapping the
ijklm directions).
At the same time, we can consider monopole-type solutions, and take one of the
coordinates YM to be the monopole fibre coordinate. For example, a Hopf fibration
of yij over some S
2 in the physical spacetime will create a monopole-like solution
that corresponds to an M5 brane.
This means that exceptional field theory has a further novelty. Once we have
sufficiently large Ed(d) that the coordinates yijklm appear, then momentum in these
directions will produce M5 brane solutions and Hopf fibrations of these coordinates
will produce M2 branes. This reflects the fact that U-duality transforms membranes
and fivebranes into each other. In addition, for d = 7 we have coordinates yi1...i7;i
which are to be thought of as conjugate to the winding of the Kaluza-Klein monopole
itself (including the fibre directions). This points to the existence of self-dual solu-
tions in the full exceptional field theory that are a combination of the wave and
monopole-type solutions. We will explictly describe such a self-dual solution for the
E7(7) ExFT below.
A further complication in ExFT is the split into an n-dimensional “external” space
and the extended space. There are thus solutions of wave or monopole type which
are purely external, in that they only exhibit non-trivial charges in the n-dimensional
space, as well as solutions which are purely internal (for the wave-type solutions, this
involves including the timelike direction in the extended space). In addition, there
are mixed solutions in which the solutions are charged under the tensor hierarchy
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gauge fields and hence are not simply geometrical in the sense of being described
solely by the external or generalised metric. Ultimately, ExFT should be extended
all the way to d = 11 in which case all these distinctions will vanish, and one
would expect all possible single charge ExFT solutions to be subsumed into a single
solution, described by generalised self-duality constraints [37, 52, 75, 166].
In section 6.4 below we will revisit the characterisation of purely internal 1/2
BPS brane solutions using the superalgebra of ExFT.
For now, we will specialise to the self-dual solution of the E7(7) ExFT in which
we take the external four-dimensional spacetime to have coordinates xµ = (t, xi),
i = 1, 2, 3, and consider solutions which are charged under the one-form AµM . We
can think of this field as a generalisation of the Kaluza-Klein vector, in which case
solutions which are charged under this can naturally be thought of as waves or
monopoles, as we will see. Put differently, these are solutions whose charges are
associated to invariance under (global) generalised diffeomorphisms ΛM , just as is
the case for the DFT wave. We can also think of solutions charged under AµM as
appearing as point particles in the external spacetime.
The self-dual solution described in [165] is as follows. The four-dimensional
external metric of the E7(7) ExFT is
gµν = diag[−H−1/2,H1/2δij ] , H(r) = 1 + h
r
, (6.13)
where r2 = δijx
ixj and h is some constant which will parameterise the solution and
correspond to its electric or magnetic charge.
The vector potential AµM has “electric” and “magnetic” components that are
given by
AtM = H − 1
H
aM , AiM = Aia˜M , (6.14)
where Ai is magnetic potential obeying the familiar Kaluza-Klein monopole equation:
∂[iAj] =
1
2
ǫij
k∂kH . (6.15)
The (constant) generalised vector aM in the extended space points in any one of
the 56 extended directions. This is the direction of the momentum mode. The dual
vector a˜M denotes the dual direction corresponding to the monopole fibration, and
is determined by demanding aM ∼ ΩMNMNK a˜K , using the self-duality equation
(4.176):
FµνM = 1
2
√
|g|ǫµνρσgρλgστΩMNMNKFλτK . (6.16)
Finally, we have the generalised metric MMN which is diagonal, with non-zero
components equal to {H3/2,H1/2,H−1/2,H−3/2}. The powers of H±3/2 appear once
each, and correspond to the special wave and monopole fibration directions, and the
powers of H±1/2 appear 27 times each. The precise order of the 56 entries of course
depends on a coordinate choice, but once this is fixed it characterizes the solution
together with the choice of direction for aM .
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For aM = δMz and a˜
M = δMz˜ , given Eq. (6.13), Eq. (6.14) and using Eq. (6.15)
and the fact the generalised metric is diagonal the self-duality condition on the field
strength requires
Ωzz˜ = −1 , Mzz = H3/2 , Mz˜z˜ = H−3/2 , (6.17)
i.e. the generalised vectors aM and a˜M point in directions which are mutually dual
with respect to the symplectic pairing encoded by ΩMN , i.e. ΩMNa
M a˜N = 1 and the
direction z corresponds always to the generalised metric component Mzz. As there
is no coordinate dependence on any of the extended coordinates, these are isometries
and we are free to change our choice of spacetime section and in doing so generate
the whole orbit of brane solutions. From this point of view, we keep the vectors aM ,
a˜M fixed and change what we mean by the physical directions.
In terms of the internal components φij = gˆij of the 11-dimensional metric, the
E7(7) generalised metric with Cijk = Cijklmn = 0 is always parametrised as:
MMN = diag(φ1/2φij , 2φ1/2φi[kφl]j, 2φ−1/2φi[kφl]j, φ−1/2φij) , (6.18)
while the ExFT external metric is related to the external components of the eleven-
dimensional metric by gµν = φ
1/2(gˆµν −AµkAνlφkl), where Aµi = Aµi is the Kaluza-
Klein vector.
Let’s explain how to organise this solution to describe waves, monopoles and
branes.
If we take the direction z to be one of the physical directions, the solution corre-
sponds in spacetime to a pp-wave, with:
MMN = diag(H3/2,H1/216,H−1/216,H1/2115,
H1/216,H
−1/2115,H−3/2,H−1/216) .
(6.19)
This also describes the KKM on swapping z ↔ z˜ (which interchanges the first and
last seven-by-seven blocks, and the middle 21×21 blocks, in this generalised metric).
If we take the direction z to be on the M2 winding directions, the solution
corresponds in spacetime to the M2 brane solution, with:
MMN = diag(H−1/2,H1/216,H3/2,H1/2110,H−1/2110,
H−3/2,H−1/2110,H1/2110,H1/2,H−1/216) .
(6.20)
This then describes an M5 solution on swapping z ↔ z˜.
We can define electric and magnetic charges:
QM =
∫
S2∞
d2Σd56Y MMN ⋆ FN , Q˜M =
∫
S2∞
d2Σd56Y ΩMNFN (6.21)
using the four-dimensional Hodge star and integrating over a sphere at infinity in
the four-dimensional spacetime. These will obey a similar self-duality constraint.
The table 8 below illustrates the plethora of brane and geometric solutions cap-
tured by this single ExFT solution. The orientation of the wave part of the solution,
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or equivalently the electric part of the E7(7) one-form potential, determines the su-
pergravity solution in eleven dimensions. We also list the IIA and IIB solutions
associated with the different choices of section condition.
Interestingly, one can easily generate brane bound states by by orienting the
wave in a superposition of directions. For example the M2/M5 bound state requires
a superposition of a membrane direction ymn and a fivebrane direction y
mn. These
more general solutions can be generated by acting on the vector aM with solution
generating transformations not necessarily in E7(7).
theory solution orientation
ExFT
vector
AtM AiM
D = 11
WM ym Aµm KK-vector dual graviton
M2 ymn Aµmn C3 C6
M2/M5 * * C3 ⊕ C6 C6 ⊕ C3
M5 ymn Aµmn C6 C3
KK7 ym Aµm dual graviton KK-vector
D = 10
Type IIA
WA ym¯ Aµm¯ KK-vector dual graviton
D0 yθ Aµθ C1 C7
D2 ym¯n¯ Aµm¯n¯ C3 C5
F1 ym¯θ Aµm¯θ B2 B6
KK6A ym¯ Aµm¯ dual graviton KK-vector
D6 yθ Aµ θ C7 C1
D4 ym¯n¯ Aµm¯n¯ C5 C3
NS5 ym¯θ¯ Aµm¯θ B6 B2
D = 10
Type IIB
WB ym¯ Aµm¯ KK-vector dual graviton
F1 / D1 ym¯α Aµm¯α B2 / C2 B6 / C6
D3 ym¯n¯k¯ Aµm¯n¯k¯ C4 C4
NS5 / D5 ym¯α Aµm¯α B6 / C6 B2 / C2
KK6B ym¯ Aµm¯ dual graviton KK-vector
Table 8: This table shows all supergravity solutions in ten and eleven dimensions
as coming from the single E7(7) self-dual solution. Here m,n = 1, . . . , 7 and m¯, n¯ =
1, . . . , 6 label the internal directions in 11- and 10-dimensions, and α is an SL(2)
doublet index.
As a comment, one might think of this E7(7) self-dual solution as a gravitational
analogue of the self-dual string in the (0,2) world volume theory of the fivebrane.
The reduction of the self-dual string to 4-d produces the spectrum of N=4 Yang-Mills
and the SL(2) duality group is then a product of the reduction or how the string
winds the Kaluza-Klein torus. This is similar to then how the reduction on the full
extended space leads to U-duality.
Finally, one can speculate about how such a solution in the extended space can
be probed by branes. Totally wrapped branes appear as four-dimensional particles.
An action for particles coupling to the ExFT vector AµM was studied in [167] and
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takes the form
S =
∫
dτ
1
2e
(
gµνX˙
µX˙ν +MMN (Y˙ M +AµMX˙µ + VM )(Y˙ N ++AµN X˙µ + V N )
)
,
(6.22)
where e is a worldline einbein and VM is the auxiliary worldline one-form which
gauges the shift symmetry in the dual directions on choosing a physical spacetime.
Here we see an effective combination of the extended 56-dimensional space with
the 4-dimensional external space, combining the external metric gµν , the extended
internal metric MMN and the vector potential AµM as an apparent 60-dimensional
metric
HMˆNˆ =
(
gµν +AµMAνNMMN AµMMMN
MMNAνN MMN
)
. (6.23)
For the ExFT monopole/wave solution, this extended extended metric takes a block
diagonal form:
HMˆNˆ =
(
H1/2HwaveAB 0
0 H−1/2Hmono
A¯B¯
)
(6.24)
where the top left block is 29 × 29 dimensional, and is simply the metric of a wave
with 27 transverse dimensions and the bottom right block is 31× 31 dimensional, is
the metric of a monopole, also with 27 transverse dimensions
HwaveAB =
H − 2 H − 1 0H − 1 H 0
0 0 δ27
 , (6.25)
HmonoA¯B¯ =
H(δij +H−2AiAj) H−1Ai 0H−1Aj H−1 0
0 0 δ27
 . (6.26)
In (6.24) it is interesting to see that there is a natural split into a block diagonal
form simply by composing the fields à la Kaluza-Klein. These two blocks come with
prefactors of H±1/2 with opposite power, so the geometry will change distinctly
between large and small r.
As we approach the core of the solution, where r is small, H becomes large and
the wave geometry dominates. Far away for large r, H will be close to one (and
thus Ai vanishes) and neither the monopole nor wave dominates. Thus one would
imagine asymptotically either description is valid and the different choices related
through a duality transformation. Note then the wave solution dominates in the
small r region core region. This smoothes out the singular behaviour near the brane
core.
6.4 Superalgebras
6.4.1 Idea
In M-theory, the type II superalgebras in ten dimensions are lifted to the unique
eleven-dimensional superalgebra.
{Qα, Qβ} = Pµ(CΓµ)αβ + Zµν(CΓµν)αβ + Zµ1...µ5(CΓµ1..µ5)αβ . (6.27)
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Here the supercharges Qα are 32-component Majorana spinors, with spinor index α
and µ is the eleven-dimensional spacetime index. P and the Zs are the momentum
and central charges respectively. In the IIA algebra, the ten dimensional central
charge associated to the D0 brane becomes identified with the momentum in the
eleventh dimension. By comparing the BPS state equation:
P0
2 = |Z|2 (6.28)
to the equation for a null wave:
P0
2 = |~P |2 , (6.29)
we see the D0 brane is the null wave in M-theory. This exactly realises the Kaluza-
Klein paradigm where the electrically charged particles are identifed with the Kaluza-
Klein momentum. Now at the level of superalgebras it is the central charge, Z
being identified with P11. From the M-theory perspective the D0 brane is massless.
Following our previous exploration of generalised and extended geometry, we would
like to now reinterpret all the central charges as arising from momenta in extra novel
dimensions.
To do so, we will examine the superalgebra with generalised coordinates from the
extended geometry as follows (for now consider d < 6):
XI = (xµ, yµν , yµ1..µ5) . (6.30)
We will seek to remove all central charges and postulate a simple superalgebra in
which purely generalised momentum appears in the anticommutator of the super-
charges:
{Qα, Qβ} = (CΓI)αβP I . (6.31)
We will then examine the representation theory for this superalgebra. The massless
(in the generalised sense) representations will obey a quadratic constraint on the
momenta,
Y IJPQPIPJ = 0 , P
IP JδIJ = 0 . (6.32)
The first quadratic constraint is the weak constraint that was determined from de-
manding closure of the algebra of local symmetries [31,32,35] and the second condi-
tion is just the generalised massless condition.
These generalised massless states will be the 1/2 BPS states. The section con-
dition determines a generalised lightcone structure. The 1/2 BPS states lie on the
lightcone and the other states with less supersymmetry lie in the interior of the
lightcone.
6.4.2 Example: SL(5)
As an example, let’s consider the case of SL(5). We will here work with the
Lorentzian coset SL(5)SO(2,3) , and ignore the seven-dimensional Euclidean external space.
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We will construct spinors of the double cover of the local group, SO(2, 3), with
spinor index α = 1, . . . , 4. The associated gamma matrices forming the Clifford
algebra for SO(2, 3) are denoted:
(Γi)αβ , i = 1, . . . , 5 (6.33)
We denote the charge conjugation matrix by (C)αβ, with inverse (C
−1)αβ , with
which we can lower and raise spinor indices respectively through left multiplication.
From these Γ matrices we can form a representation of the global SL(5) using
the set of antisymmetrised products of the Γi matrices:
(ΓI)αβ ≡ (Γ[ij])αβ , I = 1, . . . , 10 (6.34)
which are in the 10 of SL(5). To compare with the usual supersymmetry algebra we
can decompose into SO(1, 3) Γ matrices:
ΓI = (Γ[a5],Γ[cd]) . (6.35)
Similarly, the generalised momentum decomposes as:
PI = P[ij] = (Pa5,
1
2
ǫabcdZ
cd) . (6.36)
We make the obvious identification of Pa5 = Pa as momenta in the usual four di-
mensional spacetime and the set {Zcd} as momenta in the novel extended directions.
Now we form a supersymmetry algebra using this set of generalised gamma matri-
ces, {ΓI}, the set of generalised momenta PI and the supercharges, Qα. No central
charges are required; the bosonic sector has only the generators of the generalised
Poincaré group. Thus the complete superalgebra is given by:
{Qα, Qβ} = (CΓI)αβPI , [Qα, PI ] = 0 , [PI , PJ ] = 0 . (6.37)
Elementary states are irreducible representations of the Poincaré algebra and we
may use the Casimirs of the algebra to label the representation. In this case it is the
generalised Poincaré algebra that will be relevant to classify the states of the theory
through its Casimirs.
We will proceed exactly as in the usual superalgebra case when one wishes to
examine the massless representations i.e. where the quadratic Casimir of momentum
vanishes, and show that they form “short multiplets”.
We calculate the square of Eq. (6.31) which is positive definite:
(C−1ΓI)αβ (CΓJ)βγPIPJ ≥ 0 . (6.38)
Demanding that this bound is saturated gives a quadratic constraint on the gen-
eralised momenta, P I . We will now determine this constraint in terms of four-
dimensional quantities by substituting the decomposition Eq. (6.35) into Eq. (6.38).
This produces (suppressing spinor indices):
(C−1ΓI) (CΓJ)PIPJ = 2(ηabP aP b − 1
2
ZabZcd(η
acηbd − ηadηbc))I
+ 4P aZabΓ
b
+ 2ZabZcdΓ
abcd .
(6.39)
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Demanding that this is zero, we need each line on the right-hand side to vanish
separately. This means the constraints in terms of the four dimensional momenta
and central charges are:
PaP
a =
1
2
ZabZ
ab , P aZab = 0 , ZabZcdǫ
abcd = 0 . (6.40)
The first term is the standard BPS condition Eq. (6.28) requiring the mass be equal
to the central charge and the second two equations are the quadratic constraints
required for the state to be 1/2 BPS as calculated in [168] by essentially the same
calculation.
In terms of the SL(5) generalised momenta, P[ij] these equations become:
P[ij]P
[ij] = PIP
I = 0 , (6.41)
ǫijklmP[ij]P[kl] = 0 . (6.42)
The first equation Eq. (6.42) implies that the state is massless from the point of view
of the extended space Poincaré algebra. Thus in extended geometry the usual BPS
states are massless. Supersymmetry works because the massless multiplet of SO(2,3)
has the same number of degrees of freedom as the massive multiplet in SO(1,4).
The second equation Eq. (6.42) is precisely the physical section condition that
we need to impose so that the local symmetry algebra of the extended geometry i.e.
the algebra of generalised Lie derivatives, closes.
Thus we see that from demanding the representation of the supersymmetry al-
gebra saturates the bound Eq. (6.38) we reproduce the quadratic constraints on
the generalised momenta. The foundation of this calculation has essentially al-
ready appeared in the literature in the context of U-duality multiplets for 1/2 BPS
states [168]. What this calculation shows is the connection between: 1/2 BPS states
in four dimensions, these states in the 10 dimensional extended space, the spinors
of SO(2,3), the local Lorentz group of the extended space and their Clifford algebra,
and representations of SL(5) the global symmetry of the extended space.
Finally, we now rewrite the supersymmetry algebra of the generalised space with
no central charges Eq. (6.31) in terms of a four dimensional quantities i.e. four-
dimensional momenta and central charges as follows:
{Qα, Qβ} = (CΓII)αβPI = (CΓaΓ5)αβPa + 1
2
ηabcd(CΓ
ab)αβZ
cd . (6.43)
Now we wish to think of this in SO(1, 3) language so that we can reinterpret the
spinors as being Dirac spinors of SO(1, 3). Obviously, the Spin(2, 3) spinors also can
be thought of as Spin(1, 3) Dirac. Crucially, the charge conjugation matrix will be
different because of the presence of two time like directions in SO(2, 3). Thus the
four dimension SO(1, 3) charge conjugation matrix which we denote by C(4) will be
related to the SO(2, 3) charge conjugation matrix by:
C = C(4)Γ
5 (6.44)
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with (Γ5)2 = −1. We can then insert this into Eq. (6.43) to give:
{Qα, Qβ} = (CΓI)αβP I = (C(4)Γ5ΓaΓ5)αβPa
+ (
1
2
ηabcdC(4)Γ
5ΓabαβZ
cd
= (C(4)Γ
a)αβPa + (C(4)Γcd)αβZ
cd . (6.45)
Where we have used the elementary properties of four dimensional Γ matrices:
{Γ5,Γa} = 0 and Γ5Γab = −1
2
ηabcdΓcd . (6.46)
Thus we have seen how the usual four-dimensional supersymmetry algebra may be
lifted to an algebra with global SL(5) symmetry and no central charges. All the
central charges arise from momenta in the new extended directions. The section
condition of the extended geometry arises from considering the massless representa-
tions of this algebra.
For any dimension d, there is a coset G/H structure with which one carries out
the following process:
1. Construct spinor representations of H and form the associated Clifford algebra,
with with generators, Γi.
2. A representation of G may then be found from the set of antisymmetrised
products of Γi to give ΓI .
3. The momenta and central charges may be combined to form a representation
of G which we lable as the generalised momenta PI .
4. The superalgebra is then written in terms of the generalised momenta PI and
the set of generalised gamma matrices ΓI .
5. Then, Eq. (6.38) is saturated for the massless representation which provides
constraints on PI .
6.5 Winding modes, central charges and extended momenta
Let us now see how to connect the above discussions to the interpretation of the
extra coordinates themselves. First consider toroidal backgrounds where many issues
are clearer. Let us begin with double field theory. The new coordinates that we
introduced were x˜µ are conjugate to string winding modes. That is the translation
generators in x˜µ are the generalised momenta P˜
µ. This generalised momentum is
the string winding around the xµ direction. For a string described by worldsheet
coordinates Xµ(τ, σ) the winding is given by
Qµw =
∫
∂σX
µdσ . (6.47)
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This is also the central charge in the supersymmetry algebra. In Rd this charge
would be formally infinite (as would be the energy) but the tension is still finite and
so the solution is well defined.
For exceptional field theory there are the momenta are conjugate to all possible
brane windings, which in turn are related to the central charges in the supersymmetry
algebra. For a membrane described by worlvolume coordinates Xµ(τ, σ1, σ2), the
membrane central charge is given by
Zµν =
∫
∂σiX
µ∂σjX
νǫ0ijd2σ , (6.48)
which again is the membrane winding mode wrapping the Xµ and Xν directions.
This membrane winding or central charge is equivalent to the generalised momenta
P [µν] which is conjugate to novel coordinates yµν introduced in the exceptional field
theory. In fact a study of the equations of motion of the membrane world volume
naturally introduces the winding mode current
jµν(τ, σi) = ∂σiX
µ∂σjX
νǫ0ij (6.49)
and couples it in combination with the momentum ∂τX
µ to the SL(5) metric [33,
34] though such approaches to the membrane theory have issues [169]. Similar
expressions also express the fivebrane winding current and relate to the central charge
Zµ1...µ5 .
The astute reader may worry that if the background is not toroidal then winding
number is not conserved. This is is not necessarily a problem. Ordinary momen-
tum is not conserved in curved space since there is a potential. The same is true
with winding space and this novel momentum (conjugate to winding) need not be a
conserved quantity in curved space.
6.6 Worldvolume actions
Having discussed DFT/ExFT and now their brane solutions, we should for com-
pleteness briefly discuss the realisation of worldvolume actions for branes probing
the extended geometries of these theories. This is best developed for the so-called
doubled string, where the worldsheet theory involves the doubled 2d target space co-
ordinates which must satisfy a (twisted) self-duality constraint halving the degrees of
freedom such that (locally) the formulation is equivalent to the standard worldsheet
theory [16,17,24–26,160,161,170]. A doubled chiral world sheet theory was studied
recently in the context of alpha prime corrections in [135].
There is a satisfyingly complete story here where the worldsheet beta functional
calculation for the doubled string gives the background field equations of DFT [171–
175], while the zero mode fluctuations around the DFT wave/string solution give
back the doubled worldsheet [80]. The string partition function for the doubled
string has also been investigated in [176, 177]. Various other aspects of the world
sheet theory in doubled space have been investigated in [178–188].
The issue for other branes and for U-duality in general is that duality maps
between branes of different dimensions (an exception being the 5-branes of type II
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theories, for which see [189]). This, and other issues, means that developing a similar
theory of, say, an exceptional membrane is problematic [24, 169].
One can perhaps deal with this by rethinking complete Ed(d) covariance. From
the point of view of the ExFT tensor hierarchy, we have a multiplet of p-branes
coupling to the generalised gauge field in the representation Rp+1. To write the
natural Wess-Zumino coupling one has to introduce a “charge” q ∈ R¯p+1, with LWZ ∼
q · Cp+1 + . . . where Cp+1 ∈ Rp+1 is the ExFT (p + 1)-form pulled back to the
worldvolume. The remaining terms denoted by ellipsis must be determined by gauge
invariance and will involve lower rank ExFT q-forms with q < p + 1. In particular,
however, we have the gauge transformation δCp+1 = ∂ˆλ with λ ∈ Rp+2, under
which the lower rank forms are invariant. This motivates the imposition of a charge
constraint:
q ⊗ ∂∣∣
R¯p+2
= 0 (6.50)
such that q · (∂ˆλ) = 0. On choosing a solution of the section condition, we then
have to solve this constraint, and this will select the allowed p-branes in the 10- or
11-dimensional theory. Both the choice of section condition solution and the choice
of q break the global Ed(d). On the other hand, when isometries are present we
can view the resulting brane action as describing the Ed(d) multiplet of p-branes in
n-dimensions obtained by wrapping the 10- or 11-dimensional brane spectrum on a
torus. Elements of the above discussion are present in the approaches of [63,190–201]
describing branes in (various versions of) exceptional geometry.
For example, consider the “exceptional string” of [63, 197], for SL(5) where the
ExFT two-form is BµνM. The string charge is qM and the constraint (6.50) is just
qN∂MN = 0. In an M-theory solution of the section condition we have ∂i5 6= 0,
i = 1, . . . , 4 and one must have qM = 0: there are no strings in 11-dimensions. In
IIA, we have ∂45 = 0, ∂i5 6= 0 for i = 1, 2, 3 and now q4 6= 0 picks out the fundamental
string. In IIB, with ∂ij 6= 0, i = 1, 2, we have an SL(2) doublet of non-zero charges,
qα = (q4, q5) 6= 0, picking out the F1 string and the D1 brane.
7 Non-geometry and exotic branes
In this section, we will describe simple examples of backgrounds which go beyond su-
pergravity, and into the realm of non-geometry. We will firstly review non-geometric
backgrounds defined using T-duality (for more details on which we recommend the
review [202]) before showing how this generalises to U-duality. After this initial
encounter with such T- and U-folds, we will describe examples of so-called exotic
branes in string theory and M-theory, and discuss their interpretation. Throughout,
we will see that the natural language with which to describe such non-geometries is
provided by DFT and ExFT.
7.1 Toy models of T-folds
We will describe a pedagogical example introduced in the context of work on string
theory flux compactifications [129,203–206]. Here it was realised that when one con-
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siders compactifications on geometries carrying flux of the p-form gauge fields, acting
with duality transformations can lead to configurations which are “non-geometric”
meaning that T- or U-duality are needed to globally define the space.
This example is based on the NSNS sector and so can be efficiently described
using aspects of double field theory, which we described in section 2.2. In particular,
we encode the physical geometry using the generalised metric, HMN , or equivalently
a generalised vielbein EAM . The latter parametrises the coset O(d, d)/O(d) ×O(d)
element, and we have HMN = EAMEBNδAB , EAMEBNηAB = ηMN where ηAB
agrees numerically with ηMN (this can be changed by choice of basis). Conventionally
we choose a geometric parametrisation involving a metric gij = e
a
ie
b
jδab and B-field:
EAM =
(
eai 0
Bije
j
a ea
i
)
, HMN =
(
gij −BikgklBlj Bikgjk
−gikBkj gij
)
. (7.1)
Given a choice of generalised vielbein, we can define an algebra
LEAEMB = −FABCEMC , (7.2)
of the type Eq. (5.15) that we saw previously in section 5.2 when we discussed gen-
eralised Scherk-Schwarz reductions. The “generalised fluxes” FAB
C defined here will
generally not be constant. However if for some choice of globally defined generalised
vielbein they are constant, then this choice gives a generalised parallelisation and
can be used as the starting point of a generalised Scherk-Schwarz reduction. Our
example will admit such possibilities.
Note that after lowering an index via FABC = FAB
DηDC we have FABC =
F[ABC]. For the parametrisation Eq. (7.1), the non-zero components of the gener-
alised fluxes FABC are:
Fab
c = −2ejcei[a|∂iej |b] , Fabc = 3eiaejbekc∂[iBjk] . (7.3)
Inspired by Eq. (7.3), let’s give names to the components of FABC :
Fabc = Habc , Fab
c = fab
c , Fa
bc = Qa
bc , F abc = Rabc . (7.4)
Here fab
c and Habc have natural geometric interpretations. The question is then
what sort of backgrounds give rise to the Q- and R-fluxes. By starting with a
simple background consisting of a three-torus with H-flux, we will use T-duality to
generate non-geometric backgrounds giving rise to these. This duality chain may be
summarised as:
Tc Tb Ta
Habc −→ fabc −→ Qabc −→ Rabc
T 3with flux Twisted torus T-fold T-fold
(global) (local)
(7.5)
This is the harmonic oscillator of non-geometry. It does not in itself define a genuine
solution of supergravity, but can be embedded in or upgraded to a solution in a num-
ber of ways. In section 7.3 below, we will describe a duality chain starting with the
NS5 brane which shares the key features of this educational example. Alternatives
are possible, e.g. one can embed the backgrounds appearing in Eq. (7.5) in string
theory by fibering them over a line interval [207–209].
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The three-torus with H-flux
We take the metric and B-field to be:
ds2 = (dy1)2 + (dy2)2 + (dy3)2 ,
B = h2πy
3dy1 ∧ dy2 , (7.6)
where the constant h ∈ Z. We assume that y1, y2, y3 are all 2π periodic. For
y3 → y3 + 2π, the B-field shifts by a gauge transformation: B → B + hdy1 ∧ y2.
This can be viewed as a B-shift transformation realised as a geometric O(2, 2) ⊂
O(d, d) T-duality. In terms of the O(2, 2) generalised metric describing (gij , Bij)
with i, j = 1, 2, we have
HMN (y3 + 2π) = (PB)MP (PB)NQHPQ(y3) , (7.7)
where the monodromy matrix PB ∈ O(2, 2) is:
(PB)MN =
(
δi
j λij
0 δij
)
, λij = h
(
0 −1
1 0
)
. (7.8)
The field strength of the two-form is constant:
H3 =
h
2πdy
1 ∧ dy2 ∧ dy3 , (7.9)
and so this space can be said to carry H-flux, Habc = constant.
The twisted-torus with f -flux
We can T-dualise the background Eq. (7.6) on the y1 direction. This leads to the
twisted torus:
ds2 = (dy1 − h2πy3dy2)2 + (dy2)2 + (dy3)2 , (7.10)
with vanishing B-field. For y3 → y3 + 2π, we identify the coordinates as y1 →
y1 + hy2, which is the eponymous “twist”. We can view this coordinate patching as
a geometric GL(2) ⊂ O(2, 2) ⊂ O(d, d) transformation. This is an example of group
manifold, admitting a globally well-defined vielbein via the left-invariant one-forms
u1 = dy1 − h2πy3dy2 , u2 = dy2 , u3 = dy3 , (7.11)
obeying the Maurer-Cartan identity
dua =
1
2
fbc
aub ∧ uc , f231 = h2π , (7.12)
defining the geometric flux fab
c.
104
The global T-fold with Q-flux
Next, we T-dualise on the direction y2. This leads to the following space:
ds2 =
1
1 +
(
h
2πy
3
)2 ((dy1)2 + (dy2)2)+ (dy3)2 ,
B12 = −
h
2πy
3
1 +
(
h
2πy
3
)2 . (7.13)
For y3 → y3 + 2π there is no global geometric transformation (combination of
GL(2) coordinate transformations and B-field gauge transformations) that makes
this space well-defined. Instead, the metric and B-field transform under a non-
geometric O(d, d) transformation. Hence Eq. (7.13) is a non-geometric background,
or T-fold. The global patching is most simply described using the O(2, 2) generalised
metric which obeys:
HMN (y3 + 2π) = (Pβ)MP (Pβ)NQHPQ(y3) , (7.14)
where the monodromy matrix P − β ∈ O(2, 2) is:
(Pβ)MN =
(
δi
j 0
λij δij
)
, λij = h
(
0 −1
1 0
)
. (7.15)
In a doubled description of this background, this non-geometric transformation iden-
tifies the physical coordinates y1 and y2 with their T-dual coordinates y˜1 and y˜2 as
y1 → y1 + hy˜2, y2 → y2 − hy˜1. Hence one cannot globally distinguish the physical
and dual coordinates.
In a T-fold, the metric and B-field are not good variables with which to describe
the background. We should instead use the doubled description, or else define new
spacetime variables. Comparing the form of the transformation Eq. (7.15) with
that of the H-flux background, Eq. (7.8), suggests to not use a B-field, but instead
an alternative parametrisation of the generalised metric based on a dual metric
g˜ij = e˜
a
ie˜
b
jδab and a bivector β
ij = −βji:
EAM =
(
e˜ai β
ij e˜aj
0 e˜ia
)
, HMN =
(
g˜ij −g˜ikβkj
βikg˜kj g˜
ij − βikg˜klβlj
)
. (7.16)
Equating the generalised metrics of Eq. (7.1) and Eq. (7.16) (the doubled vielbein are
related by a local O(d)× O(d) transformation) gives the transformation from what
we might call the B-field frame to the bivector frame, which can be most compactly
expressed as:
g +B = (g˜−1 + β)−1 . (7.17)
This can be viewed as a field redefinition in supergravity, leading to what is called
β-supergravity [210–213].
For the T-fold Eq. (7.13), we find
d˜s2 = (dy1)2 + (dy2)2 + (dy3)2 ,
β12 = h2πy
3 ,
(7.18)
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which makes it apparent that the non-geometric transformation Eq. (7.15) is a shift
of the bivector. Writing the background as in Eq. (7.18) in a sense “undoes” the
effect of the two T-dualities we have performed, as functionally it is the same as the
original background Eq. (7.6) with the indices shifted.
We can compute the fluxes for the frame Eq. (7.16) using the general definition
Eq. (7.2), finding for the components:
Habc = 0 ,
fab
c = −2ecjei[a|∂iej |b] ,
Qa
bc = eiae
[b
je
c]
k
(
∂iβ
jk + 2βkledi∂le
j
d
)
,
Rabc = −3e[ajebkec]lβij∂iβkl .
(7.19)
This defines the Q-flux for the background Eq. (7.18) to be:
Qi
jk = ∂iβ
jk , (7.20)
with Q3
12 = h2π . Hence in this T-fold, working with the alternative generalised
vielbein Eq. (7.16) is necessary to produce the expected generalised parallelisation
(7.2) in which the Q-flux appears.
The local T-fold with R-flux
Technically, we should not T-dualise on the y3 direction. A naive application of the
Buscher rules would produce:
ds2 =
1
1 +
(
h
2π y˜
3
)2 ((dy1)2 + (dy2)2)+ (dy3)2 ,
B12 = −
h
2π y˜
3
1 +
(
h
2π y˜
3
)2 , (7.21)
which depends on y˜3, the dual to the physical coordinate y3 of this background (y˜3
is what we called y3 in the previous background). Alternatively, this is described by
a flat metric and a bivector β12 = h2π y˜
3. A schematic definition of a non-geometric
R-flux is:
Rijk = 3∂˜[iβjk] , (7.22)
using a derivative ∂˜i = ∂∂y˜i with respect to the dual coordinates. In this case, we
clearly have R123 = h2π . This “completes” the duality chain starting with the three-
torus with H-flux.
We can make sense of such backgrounds within DFT, as the dependence on
dual coordinates can be accommodated via generalised Scherk-Schwarz reductions,
similarly to the ExFT examples we discussed in section 5.2.
An important disclaimer to include at this point is that the although in this
toroidal example, non-geometry led to the Q- and R-fluxes, it is also possible to
have such fluxes present in geometric compactifications of ordinary geometries. For
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instance, compactifications on spheres with fluxes can lead to Q-flux. When we refer
to a flux as being “non-geometric” it should therefore be interpreted as such only
when the background producing it is also known.
7.2 Toy models of U-folds
The generalisation of this toy model to U-duality was written down in [214]. We
now start with a four-torus carrying flux of the four-form field strength of the M-
theory three-form. We will then act with U-dualities in the torus directions. The
transformation we use to generate new backgrounds is that of Eq. (1.22), acting on
three directions of this T 4 while also, unlike in T-duality, having a non-trivial effect
on the remaining eight directions. For this reason, we write the full 11-dimensional
backgrounds below.
Although it is possible to carry out the dualities solely using SL(3) × SL(2) U-
duality transformations, as we are dealing with a four-dimensional torus it is more
convenient to use the larger SL(5) duality group. We will consider backgrounds
consisting of a product of a seven-dimensional “external” space, with coordinates la-
belled by µ, ν, . . . , and a four-dimensional “internal” space, with coordinates labelled
by i, j, . . . . The three-form will only have non-zero components in the internal di-
rections. We can write these backgrounds as:
ds2 = Gµνdx
µdxν + gijdy
idyj ,
C(3) =
1
3!
Cijkdy
i ∧ dyj ∧ dyk ,
(7.23)
where µ = 0, 5, . . . , 10 indexes the non-compact directions and i = 1, . . . , 4 indexes
the toroidal directions. As we have seen in section 2.3 and again in section 4.6, the
metric gij and three-form Cijk combine into a unit determinant 5 × 5 symmetric
matrix, mMN , in the coset SL(5)/SO(5). We decompose the 5-dimensional index as
M = (i, 5) and parametrise it as:
mMN =
(
g−2/5gij −g−2/5gikCk
−g−2/5gjkCk g3/5 + g−2/5gklCkC l
)
, Ci ≡ 1
3!
ǫijklCjkl , (7.24)
where ǫ1234 = 1 denotes the alternating symbol and g ≡ det g. This is equivalent to
choosing a generalised vielbein
EAM =
(
e−2/5eai −e−2/5eajCj
0 e3/5
)
. (7.25)
The generalised metric transforms as m→ UmUT for U ∈ SL(5). In addition,
gExFTµν = g
1/5Gµν (7.26)
is invariant under SL(5). In principle the 7-dimensional metric Gµν can be an ar-
bitrary y-independent metric, its form will play no role in the following (as before
this is a toy model and we do not yet concern ourselves with whether it is a valid
supergravity solution).
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The U-duality transformation Eq. (1.22) acting on (say) the i = 1, 2, 3 directions
is realised as a permutation of the M = 5 index with the M = 4 index:
UMN =
(
δji − δ4i δj4 δi4
−δ4i 0
)
. (7.27)
This acts as the identity on the i = 1, 2, 3 components and as an SL(2) inversion in
the 4, 5 components.
The four-torus with F -flux
The background with four-form flux is:
ds2 = Gµνdx
µdxν + δijdy
idyj ,
C123 = − h2πy4 .
(7.28)
For y4 → y4 + 2π, the three-form shifts by −h, with h ∈ Z. The four-form flux is
F1234 =
h
2π . (7.29)
The global U-fold with Q-flux
We perform a U-duality transformation on the 123 directions. This U-duality reduces
to a pair of Buscher T-dualities. It therefore “skips a step” in the T-duality chain,
and immediately produces a non-geometric background:
ds2 =
(
1 +
(
h
2πy
4
)2)1/3
(Gµνdx
µdxν + (dy4)2)
+
(
1 +
(
h
2πy
4
)2)−2/3
((dy1)2 + (dy2)2 + (dy3)2) ,
C123 =
h
2πy
4
1 +
(
h
2πy
4
)2 .
(7.30)
This is a U-fold. For y4 → y4 + 2π the SL(5) generalised metric transforms under a
non-geometric U-duality transformation:
mMN (y4 + 2π) = (UΩ)MP(UΩ)NQmPQ(y4) , (7.31)
with
(UΩ)MN =
(
δi
j Ωi
0 1
)
, Ωi = hδ
4
i . (7.32)
Now, instead of describing this geometry using a three-form, we can introduce a
totally antisymmetric trivector Ωijk via the alternative parametrisation
mMN =
(
g˜−2/5g˜ij + g˜3/5ΩiΩj g˜3/5Ωi
g˜3/5Ωi g˜
3/5
)
, Ωi ≡ 1
3!
ǫijklΩ
jkl , (7.33)
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corresponding to the alternative generalised vielbein
EAM =
(
e˜−2/5e˜ai 0
e˜3/5Ωi e˜
3/5
)
. (7.34)
The background Eq. (7.30) in these terms is:
ds2 = Gµνdx
µdxν + δijdy
idyj ,
Ω123 = − h2πy4 .
(7.35)
We see that for y4 → y4 + 2π, we have a non-geometric U-duality transformation
producing a shift of the trivector, Ω123 → Ω123 − h. Furthermore, we can define
an M-theory Q-flux, of the form (note there will be additional contributions in a
background with a non-trivial metric [214])
Ql
ijk = ∂lΩ
ijk . (7.36)
The U-duality chain is analogous to the T-duality one:
F1234
U123−−−→ Q4123 . (7.37)
The twisted-torus with f -flux
Now let’s consider a twisted torus in M-theory. This is the same twisted torus that
we saw before, times an additional circular direction. Let’s write the metric as
ds2 = Gµνdx
µdxν +
(
dy4 − h2πy2dy1
)2
+ (dy1)2 + (dy2)2 + (dy3)2 , (7.38)
with
f12
4 = h2π . (7.39)
The local U-fold with R-flux
We want to U-dualise the background Eq. (7.38) on three of the four toroidal direc-
tions. The isometry directions are y1, y3, y4. U-duality on these directions in fact
produces a twisted torus of the same form. This is uninteresting. In order to find
a non-geometric background, we should instead consider what would happen if we
apply the U-duality rules to the directions y1, y2, y3, despite the fact that y2 is not
an isometry. The result of doing so is:
ds2 =
(
1 +
(
h
2π y˜
2
)2)1/3 (
Gµνdx
µdxν + (dy1)2
)
+
(
1 +
(
h
2π y˜
2
)2)−2/3 (
(dy2)2 + (dy3)2 + (dy4)2
)
,
C234 = −
h
2π y˜
2
1 +
(
h
2π y˜
2
)2 .
(7.40)
This geometry now depends on y˜2 (which is what we called y2 in Eq. (7.38)), which
is a dual coordinate. Hence this is a locally non-geometric U-fold.
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In the SL(5) ExFT, we have four physical coordinates yi along with six dual
coordinates conjugate to M2 brane wrappings, denoted by yij = −yji. Together
these transform in the 10 of SL(5), which is the antisymmetric representation. Let
YMN = −Y NM denote these extended coordinates, with Y i5 = yi and Y ij =
1
2ǫ
ijklykl.
Here we have YMNU-fold = (U
−T )MK(U−T )NLY KLTorus. So the physical coordinates
appearing in Eq. (7.40) are y1U-fold = −y14Torus, y2U-fold = −y24Torus, y3U-fold = −y34Torus,
y4U-fold = y
4
Torus, while the dual coordinate y˜
2 ≡ y2Torus = y24U-fold. The latter is then
the membrane winding coordinate y31 in the U-fold background.
To establish a definition of a non-geometric flux, we use the parametrisation in
terms of a trivector:
d˜s2 = Gµνdx
µdxν + δijdy
idyj ,
Ω234 = h2πy31 ,
(7.41)
and define an M-theory R-flux (again, note there will be additional contributions in
a background with a non-trivial metric [214])
Ri;jklm ≡ 4∂i[jΩklm] , (7.42)
using derivatives with respect to the M2 winding coordinates. For the background
Eq. (7.41), this evaluates to
R3;1234 = h2π . (7.43)
7.3 Exotic branes
The “standard” branes of string theory and M-theory are those that couple to the
p-form gauge fields of supergravity. In string theory, in the NSNS sector, this is
the fundamental string itself plus its electromagnetic dual, the NS5 brane, while
in the RR sector these are the D-branes. In M-theory, we have the M2 and the
M5. If a compact direction is present in spacetime, we can include the Kaluza-Klein
monopole (magnetically charged under the KK vector, as we have seen in section
6.1), and pp-waves as their electromagnetic duals. The Kaluza-Klein monopole (or
KKM for short) is then the T-dual of the NS5 brane, while the fundamental string
solution in supergravity is T-dual to pp-waves. Meanwhile, the M-theory Kaluza-
Klein monopole unites both the IIA D6 brane and Kaluza-Klein monopole.
Wrapping this brane spectrum on tori, and acting with duality transformations,
points to the existence of further “exotic” branes, as was realised long ago in [168,
215–218].
What makes these branes exotic? Firstly, they cannot exist in decompactified
10- or 11-dimensional spacetime, but require (possibly many) compact isometry di-
rections to be present. In this, they are direct generalisations of the Kaluza-Klein
monopole. Secondly, their tensions depend on the string coupling to powers of g−ns
with n ≥ 2. Hence, they are very non-perturbative. Thirdly, their supergravity
solutions – which can again be obtained via duality – are not globally well-defined
but are non-geometric. Here duality transformations are needed to make sense of
the solution globally.
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We will now describe some important examples of such exotic branes. We will
follow very similar steps to the toy models of the previous section (one can think of
the solutions below as being fully backreacted versions of the toy models we have
written down above).
7.3.1 Example: the 522
We begin with the duality chain that connects the NS5 brane to the Kaluza-Klein
monopole and then to the exotic 522 brane.
The NS5 brane
The NS5 brane is the SUGRA solution carrying magnetic H-flux, and thus is anal-
ogous to the torus with H-flux of section 7.1. The NS5 solution is:
ds2 = dx2012345 + fdx
2
6789 ,
Habc = ǫabcdδ
de∂ef ,
e−2φ = f−1 .
(7.44)
The fields depend on the four transverse coordinates xa = (x6, x7, x8, x9) via the
function
f(xa) = 1 +
qNS5
r2
, r =
√
(x6)2 + (x7)2 + (x8)2 + (x9)2 , (7.45)
which is harmonic except at the origin r = 0 where the brane is situated (it extends in
the remaining six directions). We have condensed our notation for the line element to
write dx201...n ≡ −(dx0)2+ (dx1)2+ . . . (dxn)2 for the Minkowski metric in Cartesian
coordinates (and similarly for the Euclidean). This solution is magnetically charged
under the B-field, as measured by integrating the field strength H(3) over a transverse
three-sphere at infinity surrounding the brane,
Qmag ∼
∫
H(3) ∼ qNS5 . (7.46)
The transverse space of the solution (7.44) is R4. In order to T-dualise, we need a
(translational) isometry. We can obtain a form of the NS5 solution with a dualisable
isometry by compactifying the x9 direction and smearing the brane on this direction.
Technically this can be performed by arraying an infinite number of NS5 branes at
intervals of 2πR9 along the x
9 direction and resumming. The resulting smeared
solution is:
ds2 = dx2012345 + f
(
dx2678 + (dx
9)2
)
,
Hij9 = ǫijkδ
kl∂lf ,
e−2φ = f−1 .
(7.47)
where now xi = (x6, x7, x8) labels the non-compact transverse coordinates, and the
harmonic function becomes:
f(xi) = 1 +
qKKM
r
, r ≡
√
(x6)2 + (x7)2 + (x8)2 , (7.48)
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where we anticipate the next brane we will come to by denoting qKKM =
qNS5
2R9
. We
can pick a gauge such that the B-field has components Bi9 6= 0, Bij = 0.
The Kaluza-Klein monopole (KKM)
Now we can T-dualise (7.47) on the x9 direction. This gives the string theory Kaluza-
Klein monopole solution, which is purely metric and is analogous to the “twisted
torus” with geometric flux of section 7.1. The KKM solution is:
ds2 = dx2012345 + fdx
2
678 + f
−1(dx9 +Aidxi)2 , (7.49)
where the field strength of the “Kaluza-Klein vector” Ai obeys
Fij = 2∂[iAj] = ǫijkδ
kl∂lf , (7.50)
with f as in (7.48).
Again, there are 6 worldvolume directions. However we make a distinction be-
tween the three non-compact transverse directions x6, x7, x8 and the other direction
x9, which is called the special isometry direction. The transverse space of the KKM
is then R3 × S1, and in an entirely non-compact background this solution does not
exist.
In order to dualise further, we can compactify the x8 direction and smear. This
is a less well-defined procedure, because the result is of codimension-2 and the result-
ing harmonic function is a logarithm. Hence the solution is not asymptotically flat.
This is not really a problem: in order to deal with the divergence in the harmonic
function we need to view the codimension-2 solution as being a local approximation
to a configuration involving objects of opposite charge which have the effect of can-
celling out the flux of the apparently problematic solution, and allow for well-defined
asymptotics. We will see examples of how this can be done later on.
The smeared KKM can be written as:
ds2 = dx2012345 + fdx
2
67 + f(dx
8)2 + f−1(dx9 +Aidxi)2 , (7.51)
where Fij has components
Fα8 = 2∂[αA8] = −ǫαβδβγ∂γf , (7.52)
with xα = (x6, x7) denoting the remaining non-compact transverse directions, and
f = −q˜ log r , r =
√
(x6)2 + (x7)2 . (7.53)
Here after the resummation we have denoted q˜ = qKKMπR8 =
qNS5
2πR8R9
. If we adopt polar
coordinates (x6, x7) = (r cos θ, r sin θ) then we can take A8 = −q˜θ, Aα = 0.
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The 522 brane
T-dualising the smeared KKM (7.51) on x8 we arrive at the following background:
ds2 = dx2012345 + f(dr
2 + r2dθ2) +
f
f2 + (θq˜)2
((dx8)2 + (dx9)2) ,
B89 −− θq˜
f2 + (θq˜)2
,
e−2φ =
f2 + (θq˜)2
f
.
(7.54)
This is non-geometric; it is a T-fold. It is analogous to the solution with Q-flux in
the toy model. As we encircle the brane in the two-dimensional non-compact space,
θ → θ+2π, and the metric and B-field transform into themselves by a non-geometric
O(2, 2) transformation acting as a bivector shift. This can be seen by writing the
generalised metric describing the components of the metric and B-field in the (x8, x9)
directions:
HMN =
(
f−1I2 −f−1θq˜ǫ
f−1θq˜ǫ (f + f−1(θq˜)2)I2
)
=
(
I2 0
θq˜ǫ I2
)(
f−1I2 0
0 fI2
)(
I2 −θq˜ǫ
0 I2
)
(7.55)
where
ǫ =
(
0 1
−1 0
)
. (7.56)
The factorisation shows, using the parametrisation Eq. (7.16), that in terms of a
bivector, this background is:
ds2 = dx2012345 + f(dr
2 + r2dθ2) + f((dx8)2 + (dx9)2) ,
β89 = θq˜ ,
e−2φ = f−1 .
(7.57)
The dilaton here is determined by the invariance of the
√
ge−2φ measure. We see
clearly that the bivector shifts for θ → θ + 2π, and that one could define a Q-flux
with components Qθ
89 = q˜.
This brane is known as the 522 brane, using the notation explained in section 7.4.1
below. It can be thought of as a generalisation of the KKM requiring two special
isometry directions to be defined. For that reason, it could be called a generalised
Kaluza-Klein monopole.
As with the duality chain starting with the three-torus with H-flux, we now reach
a point where we have no further isometries in which to take T-duality. A T-duality
on the angular direction θ would formally generate a locally non-geometric solution,
analogous to the R-flux configuration we saw previously. We could alternatively
have started by smearing on three transverse directions, rather than two, generating
a sequence of codimension-1 solutions (domain walls) leading after three T-dualities
to a further codimension-1 exotic brane. However, we are going to concentrate mostly
codimension-2 exotic branes in this review.
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7.3.2 Example: the 53
This is an example of an exotic brane that is present in M-theory. We will present it
via a U-duality chain that can be viewed as the uplift of the NS5 to 522 transformation
in type IIA.
The M5 brane
The M5 brane solution in SUGRA is:
ds2 = f−1/3dx2012345 + f
2/3dx26789# ,
Fabcd = ǫabcdeδ
ef∂ff .
(7.58)
The fields depend on the five transverse coordinates xa = (x6, x7, x8, x9, x#) via the
function
f(xa) = 1 +
qM5
r3
, r =
√
(x6)2 + (x7)2 + (x8)2 + (x9)2 + (x#)2 , (7.59)
which is harmonic except at the origin r = 0 where the brane is situated (it extends
in the remaining six directions). This solution measures carries magnetic charge of
the 11-dimensional three-form, as measured by integrating the field strength F(4)
over a transverse four-sphere at infinity surrounding the brane,
Qmag ∼
∫
F(4) ∼ qM5 . (7.60)
The transverse space of the solution (7.58) is R5. In order to U-dualise, we compactify
on three transverse directions, say the x8, x9, x10 directions. This immediately gives
us a solution of codimension-2, with transverse space R2×T 3. We again defer dealing
with issues with divergences and write this as:
ds2 = f−1/3(r)dx2012345 + f
2/3(r)(dr2 + r2dθ2) + f2/3(r)dx289# ,
C89# = −q˜M5θ ,
(7.61)
where q˜ = qM5/2π
2R8R9R#. Here we switched to polar coordinates in the non-
compact transverse directions, (x6, x7) = (r cos θ, r sin θ). The harmonic function is
now:
f(r) = −q˜ log r . (7.62)
The 53 brane
U-duality acting on the 89# directions gives the background:
ds2 = K1/3(r, θ)
(
f−1/3(r)dx2012345 + f
2/3(r)(dr2 + r2dθ2)
)
+ f2/3(r)K−2/3(r, θ)dx289# ,
C89# = K
−1(r, θ)q˜θ ,
(7.63)
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where
K(r, θ) = f2(r) + (q˜θ)2 . (7.64)
That this is a U-fold is most easily seen by re-expressing the solution in terms of a
trivector, using for instance the alternative SL(5) generalised metric parametrisation
described in section 7.2. This gives:
ds2 = f−1/3(r)dx2012345 + f
2/3(r)(dr2 + r2dθ2) + f2/3(r)dx289# ,
Ω89# = −q˜θ ,
(7.65)
which makes clear the U-duality monodromy as we encircle the brane θ → θ + 2π.
To match the discussion in section 7.2, we could further consider a U-duality
transformation of the M-theory Kaluza-Klein monopole along a non-isometric direc-
tion, and so generate a local U-fold. The details are not particularly illuminating,
so we will move on to explain more of the general features of exotic branes.
7.4 Exotic brane multiplets and non-geometric uplifts
7.4.1 Brane tension notation
We are going to describe notation which gives the name of the brane in terms of the
expression for its tension after wrapping all spatial and special isometry directions
on a (sufficiently large) torus. Let’s start with the NS5 brane. We will wrap the
12345 worldvolume directions and the 89 transverse directions on a T 7. The NS5
brane tension in 10-dimensional Minkowski space is
TNS5 =
1
(2π)5
1
g2s l
6
s
, (7.66)
and the tension of the wrapped brane is
TNS5 =
R1 . . . R5
g2s l
6
s
, (7.67)
where Ri denotes the radius of the direction i. We see that the tension (7.67) depends
linearly on 5 radii and on the string coupling gs to power of minus 2. We encode
these numbers by labelling the NS5 as the 52 brane.
Now T-dualise on the 9 direction to turn this wrapped NS5 into a wrapped KKM
We obtain
TKKM =
R1 . . . R5(R9)
2
g2s l
8
s
, (7.68)
which depends linearly on 5 radii, quadratically on 1 radius and on the string coupling
gs to power of minus 2. We encode these numbers by labelling the KKM as the 5
1
2.
Now T-dualise on the 8 direction to turn this wrapped KKM into wrapped 522
exotic brane, with
T522 =
R1 . . . R5(R8R9)
2
g2s l
10
s
, (7.69)
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which depends linearly on 5 radii, quadratically on 2 radii and on the string coupling
gs to power of minus 2.
In general, we can encode these brane tensions as:
bn
(...,d,c) (7.70)
signifying that the tension formula for the fully wrapped brane depends linearly on
the radii of b directions, quadratically on the radii of c directions, cubically on the
radii of d directions, and so on; and further depends on gs to the power of minus
n. For branes in M-theory, where there is no string coupling, we merely drop the n
subscript. Thus the M5 would simply be denoted as the 5 brane.
With this notation, the fundamental string F1 is written 10 as its tension is
T = 1
2πl2s
, while a Dp-brane is denoted p1. We will see many more examples below.
7.4.2 Brane multiplets
We will find exotic branes by constructing the U-duality orbits of the standard branes
wrapped on a torus, by focusing on the those branes that are codimension-2 (or less)
in the non-compact directions. It is convenient to illustrate this by compactifying
down to three dimensions and considering the wrapped branes (whose spatial world-
volumes and special isometry branes wrap the torus) which appear as particle states
in the three-dimensional non-compactified directions.
Let’s take for example type IIB compactified on T 7. We can start with the tension
formula for any given brane of the theory wrapped on this torus – for example the
NS5 as above – and then act with T- and S-duality using the rules T : R → l2s/R,
gs → lsgs/R and S : gs → 1/gs, ls → g1/2s ls to generate a multiplet of the U-duality
group E8(8).
These basic duality transformations then generate 240 states. We list these in
table 9, displaying the brane, its conventional name and its definition according
to the notation we have introduced in the previous subsection. The numbers in
parenthesis indicate how many states arise from each brane. This almost fills up the
248-dimensional adjoint representation of E8(8). We therefore have to add a further
8 states, which appear when we act with more general Ed(d) transformations [168].
We will discuss this in more detail momentarily.
g0s P (7) F1 10 (7)
g−1s D1 11 (7) D3 31 (35) D5 51 (21) D7 71 (1)
g−2s NS5 52 (21) KKM 512 (42) 522 (21)
g−3s 163 (7) 343 (35) 523 (21) 73 (1)
g−4s 0
(1,6)
4 (7) 1
6
4 (7)
Table 9: The 240 states of the Weyl orbit of E8(8) in type IIB, with multiplicities
under SL(7) in parentheses.
In table 9, there is one state corresponding to a totally wrapped D7 brane, which
we denote 71. The S-dual of this brane is the 73. Bound states of the D7 and its
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S-dual are known as (p, q) 7-branes. These branes are already codimension-2 in 10
dimensions, and are characterised by their monodromy under the SL(2) of S-duality.
They already share many of the features of the non-geometric 522 solution, and indeed
from this point of view the D7 can be considered the least exotic ordinary brane, or
the most ordinary exotic brane.
If we start with type IIA string theory, or with the branes of 11-dimensional M-
theory, we find the same multiplet of codimension-2 branes, but now with different
(dual) higher-dimensional interpretations. The IIA and M-theory multiplets are
shown in tables 10 and 11 respectively.
g0s P (7) F1 10 (7)
g−1s D0 11 (1) D2 21 (21) D4 41 (35) D6 61 (7)
g−2s NS5 52 (21) KKM 512 (42) 522 (21)
g−3s 073 (1) 253 (21) 432 (35) 613 (1)
g−4s 0
(1,6)
4 (7) 1
6
4 (7)
Table 10: The 240 states of the Weyl orbit of E8(8) in type IIA, with multiplicities
under SL(7) in parentheses.
P (8)
M2 2 (28) M5 5 (56) KKM 61 (56)
53 (56) 26 (28) 0(1,7) (8)
Table 11: The 240 states of the Weyl orbit of E8(8) in M-theory, with multiplicities
under SL(8) in parentheses.
We do not have to necessarily stop at codimension-2. We could consider codimension-
1 or even codimension-0 branes, and similarly apply duality to fill up even larger
multiplets of further exotic branes. We will comment further on such classifications
below.
The branes generated above by acting with basic U-duality transformations filled
out 240 of the 248 states of the adjoint of E8(8). In order to explain the missing eight
states, which are apparently missed in this process, we need a somewhat technical
digression. Here we are attempting to generate a representation of the adjoint of
Ed(d) (in the particular case d = 8 but in fact this applies for any d). The basic
U-duality transformations (formed from combinations of T- and S-dualities) act in
the adjoint of Ed(d) as the so-called Weyl subgroup, which is generated by reflections
in hyperplanes orthogonal to roots. As such, they preserve the length of roots. The
group Ed(d) is simply-laced, i.e. all roots have the same length except the d roots
corresponding to the Cartan subalgebra. This means that if we start with a brane
state corresponding to a root of definite length, we can only reach dimEd(d) − d
states, excluding those in the Cartan. The latter appear if we then act with more
general transformations. We can generate the full group by identifying alongside the
set of Weyl reflections a set of Borel transformations, which we can pick for instance
as the transformations that in supergravity would act as constant shifts of the p-form
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gauge fields (and of the dual graviton and other mixed symmetry tensor fields, for
d ≥ 7).
We also need to be a little more sophisticated in our discussion of what the
duality group means in terms of its physical interpretation. For the bulk of this
review, we have been working with the continuous groups Ed(d)(R) which appear as
the continuous global symmetries of dimensionally reduced supergravity. We also
have the basic U-dualities forming the Weyl subgroup of Ed(d)(Z), which are singled
out by the fact they preserve the mass spectrum. Finally, we can also consider the
automorphism group of the lattice of brane charges.
Let us discuss these and how they differ. First, it is assumed that Dirac quanti-
sation holds for the brane charges. This immediately breaks the continuous global
symmetry Ed(d)(R) of the classical supergravity to its arithmetic subgroup Ed(d)(Z).
How does this relate to the mass spectrum of brane solutions? The orbit of the Weyl
subgroup leaves the mass of the branes in the orbit invariant. This acts both on the
charges and on the moduli (scalar fields) to leave the mass of these states invariant.
This is what one often thinks about as duality, and most studies of duality concen-
trate on these transformations. In addition, there are Borel transformations which
together with the Weyl transformations generate the full group Ed(d)(Z). Under
Borel transformations, the mass of a given brane state changes. These are some-
times then called spectral flow operators as they appear to change the spectrum.
One may then worry whether they are not true duality transformations. This would
be at odds with the statement that Ed(d)(Z) is the duality group.
A detailed study has been made of this difference in [219] for simpler duality
groups where it was shown that the lattice of brane charges is invariant under the
full duality group acting non-linearly, making use of the subgroup of the conven-
tional duality group which preserves the scalar moduli plus the so-called trombone
symmetry R+, which produces a homogeneous scaling of the action and hence is a
symmetry of the equations of motion. When the dust settles, it is the full R+×Ed(d)
group that leaves the lattice of brane charges invariant. It is this that we consider the
duality group of the theory. The Weyl orbit is privileged in that it doesn’t require
trombone rescalings.
These subtleties are relevant whenever one encounters the brane states of codi-
mension 2 in the n-dimensional external (non-compact) space. So for E8(8), these
are the particle states appearing in the R1 representation, while for E7(7) these are
the string states in the R2 representation, and so on. More details about the orbits
in different dimensions, the decomposition under T-duality, and many more features
of these basic U-duality orbits can be found in the review [168].
7.4.3 Non-geometric uplifts
What are we to make of these additional branes that we did not originally discover
in 10 or 11 dimensions? The following argument [220, 221] tells us that we should
associate them to higher-dimensional non-geometric backgrounds.
From the three-dimensional point of view, these wrapped branes all appear as
particles, which are codimension-2 and hence couple magnetically to scalars. The
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compactification of (let’s say) 10-d type IIB SUGRA to three dimensions gives scalars
in the coset E8(8)/SO(16), parametrised by a generalised metricMMN (gij , Bij , φ, C0, Cij , . . . ).
These scalars include the RR zero-form C0. In ten dimensions, the D7 brane is a
codimension-2 state which is magnetically charged under this scalar, and charac-
terised by a monodromy C0 → C0 + 1 as we encircle the position of the D7 in the
two-dimensional transverse space.
From the point of view of the compactification, this monodromy is an element
of SL(2) ⊂ E8(8). Acting with E8(8) transformations leads to the full multiplet
shown in table 9, in which the D7 monodromy transforms into more general E8(8)
monodromies for each particular brane listed. These more general E8(8) monodromies
when reinterpreted in terms of 10 dimensions act non-trivially and, generically, non-
geometrically on the metric and form fields. Thus the higher-dimensional uplift
of the exotic states in 9 will be non-geometric. Furthermore, we can characterise
an arbitrary particle-like state in three dimensions via some E8(8) monodromy, and
generically this must give something non-geometric in 10-dimensions.
Branes wrapping T 7:
Non-geometric transformations
Point particles in 3d:
Scalar monodromies ∈ E8(8)
Figure 4: Uplifting exotic branes
Given these non-geometric uplifts, we have to then make sense of them in string
theory. If we allow patching by duality symmetries in the full string theory, then
clearly these are allowed configurations even though they do not make geometric
sense in supergravity. To resolve the latter problem, one needs an extended geometry
such as the doubled or exceptional geometry we have been discussing in this review.
However, there are a number of other issues with these exotic branes. They are
highly non-perturbative: their tension (or mass) depends on the string coupling as
∼ g−3s , g−4s . They backreact very strongly on spacetime, being of codimension-2
they are characterised by a logarithmic harmonic function, as we have seen, and so
the metric diverges asymptotically. One can interpret this divergence as being due
to the fact that the mass of a such a brane is not localised at r = 0 but spread
over spacetime However, what this is telling is you is that you should not extend
the solution for an exotic brane to all of spacetime. The configurations such as we
found for the 522, equation (7.54), should be treated as approximate descriptions
valid near the brane, and in order to construct well-defined backgrounds (up to non-
geometric properties) we should replace the bad asymptotics with something else.
Put differently, codimension-2 exotic brane states should not exist as standalone
objects in string theory, but should always – and indeed, will always – appear as
part of more involved configurations of multiple branes.
One way to construct asymptotically well-defined configurations is to mirror
the construction of 7-brane solutions in type IIB. Seven-branes in type IIB are
codimension-2 and are characterised by a monodromy of the IIB S-duality group
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SL(2), being magnetically charged under the type IIB axio-dilaton which transforms
under SL(2):
τ = C0 + ie
−φ , τ → aτ + b
cτ + d
,
(
a b
c d
)
∈ SL(2) . (7.71)
Using complex coordinates z = reiθ for the non-compact two-dimensional transverse
space, the metric and axio-dilaton describing a single D7 is:
ds2 = dx201234567 + Im τdzdz¯ , τ(z) =
1
2πi
log z . (7.72)
From this we immediately see that there is a monodromy for θ → θ+2π correspond-
ing to τ → τ + 1, i.e. the shift C0 → C0 + 1.
The background (7.72) describes the seven-brane solution near a brane at the
origin. As Im τ ∼ log r, this solution should not be extended to all of spacetime.
In order to have a globally well-defined background sourced by seven-branes, it is
necessary to consider N such branes. The solution for N branes at the positions
z = zi is:
ds2 = dx201234567 + Im τ
|η(τ)|4∏N
i=1 |z − zi|1/6
dzdz¯ , τ(z) = j−1
(
P (z)
Q(z)
)
. (7.73)
The Dedekind η function η(τ) = e
piiτ
12
∏∞
n=1
(
1− e2πinτ) ensures that the metric is
SL(2) invariant. The axio-dilaton is defined using a pair of polynomials, P (z), Q(z),
such that the roots ofQ(z) are the positions z = zi of the branes, and via the modular
invariant j-function, admitting the expansion j(τ) = e−2πiτ+744+(196883+1)e2πiτ+
. . . . In order to get a well-behaved geometry (without conical defects), one needs
exactly N = 24 seven-branes, in which case the transverse space compactifies into
an S2. This is a consequence if you like of the very strong backreaction of the
codimension-2 branes. The total monodromy encircling all 24 seven-branes must be
trivial for the geometry to be well-defined. The individual branes can have arbitrary
SL(2) monodromy, and this means that even if we can view a particular brane as
being a D7, the others will be even more non-perturbative.
In F-theory [5], one interprets τ as the complex structure of an auxiliary zero
area two-torus. The fibration of this two-torus over spacetime can be described in
terms of elliptic curves, allowing one to use techniques from algebraic geometry. The
torus fibration degenerates at singularities, which are interpreted as the positions of
seven-branes, and monodromies can be associated to such degenerations. The full
configuration again allows access to non-perturbative physics.
The seven-brane, or F-theory, approach can be applied to exotic branes. In the
simplest case, one can focus on monodromies which fall within SL(2) subgroups
of larger dualities groups, and realise these via the very same construction. For
instance [204, 222], consider type II string theory compactified on a two-torus with
coordinates x8, x9. The duality group is in this case is O(2, 2) ∼ SL(2) × SL(2)
(plus some Z2 factors). One of these SL(2) factors acts on the genuine complex
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structure τ of the torus on which we reduce, while the other acts on the combination
ρ = B89 + idet g, where det g denotes the determinant of the metric on the torus.
The monodromies of the NS5, KKM and 522 can be encoded as transformations
of τ and ρ:
NS5 : ρ→ ρ+ 1 , KKM : τ → τ−τ + 1 , 5
2
2 : ρ→
ρ
−ρ+ 1 . (7.74)
We can build a globally defined configuration involving N brane with monodromies
in τ , and N˜ with monodromies in ρ, with N + N˜ = 24 via:
ds2 = dx2012345 +
Im τ |η(τ)|4∏N
i=1 |z − zi|1/6
Im ρ|η(ρ)|4∏N˜
i=1 |z − z˜i|1/6
dzdz¯ ,
τ(z) = j−1
(
P (z)
Q(z)
)
, ρ(z) = j−1
(
P˜ (z)
Q˜(z)
)
.
(7.75)
This suggests an F-theory like description using a semi-auxiliary T 2τ × T 2ρ .
Various approaches have been attempted to generalise this picture to more gen-
eral mondromies, involving both cases where the auxiliary space is a torus T n,
n > 2, [223–227] and where it is a K3 [228–231] (dubbed “G-theory”).
The general idea is to assoicate (a subset of) the scalar moduli – which couple
magnetically to codimension-2 branes, and transform under monodromies – to geo-
metric moduli of an auxiliary space fibred over a physical base space. Degenerations
of this fibration correspond to the locations of (generically exotic branes).
Away from simple torus fibrations, we have less control over the realisations of
this idea. One might ask, what space, if any, realises E8(8)/SO(16)?
The relationship to doubled and exceptional geometry also warrants further at-
tention. ExFT is at heart a reformulation of supergravity, or at least is supergravity-
like. It may be that F-theory is to type IIB supergravity as a more general F-theory
of arbitrary monodromies is to ExFT. Although it has been proposed to view ExFT
as providing an action principle for F-theory [46, 49, 232], and it is clear that the
extended geometry of ExFT is much in the same spirit as the auxiliary torus of F-
theory (one can view the generalised metric as the equivalent of the complex structure
of this torus), how one might reproduce and generalise mathematical successes of
F-theory within the ExFT framework is not currently known.
7.5 Exotic supertubes
We will now briefly describe another way in which exotic branes should appear in
string and M-theory, via a brane polarisation effect, as suggested in [220,221]. Again,
the purpose is to explain how to overcome the bad asymptotics of the codimension-
2 nature of the solutions. The non-geometric nature of the solutions remains and
should be resolved using doubled or exceptional geometry.
7.5.1 The supertube effect
The supertube effect [233] is a spontaneous polarisation of a bound state of branes,
in which the original branes “puff up” into a (generically) higher-dimensional brane
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“dipole”. By a brane dipole, we mean a configuration in which the brane charge
is non-zero locally, but globally zero, i.e. the net brane charge cancels out. The
configuration forming the brane dipole “worldvolume” is supported by (angular) mo-
mentum (preventing it from shrinking to zero size) and carries the original brane
charges “dissolved” in the worldvolume of the dipole brane. Schematically, we de-
note this polarisation process by:
Brane+ Brane→ brane′ + (angular) momentum . (7.76)
The original branes are denoted with upper case letters, while the resulting dipoles
will be denoted with lower case letters. Remarkably, supertubes retain the preserved
supersymmetry of the original brane pair.
A simple example of a supertube polarisation is formed when adding momentum
in the longitudinal direction of a fundamental string. As a string only has trans-
verse directions, it cannot carry this longitudinal momentum except by puffing up
into the transverse directions, forming a helix configuration with non-zero angular
momentum. If the original longitudinal direction is the x1 direction, then we denote
this process by:
F1(1) + P(1)→ f1(ψ) + p(ψ) , (7.77)
where ψ denotes the curve in the transverse directions along which the string ex-
tends. The statement that this is a dipole is that there is no net F1 charge in the
transverse directions i.e. no string winding along ψ. Rather than contract to the
origin of the transverse directions, angular momentum supports the string which
(instantaneously) forms a helix shape as illustrated in figure 5.
Transverse
x1
Transverse
x1
Figure 5: Left: the F1-pp supertube. Right: the original D2 supertube.
Assuming this is a type IIB string, the supertube can be S- and then T-dualised
to
D0+ F1(1)→ d2(1ψ) + p(ψ) . (7.78)
This is the original supertube configuration of Mateos and Townsend [233]. It is a
polarised state interpreted as the puffing up a D0 and F1 into a D2 brane configu-
ration, in which the D2 brane configuration extends along the x1 direction and in a
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curve ψ in the directions transverse to x1. This is shown in figure 5, in which the
curve ψ is the circle projected onto the transverse plane.
The charges corresponding to the F1 and D0 appear via the flux of the D2
worldvolume Born-Infeld field strength, with the electric components corresponding
to F1 charge, the magnetic components to D0 charge, and these fluxes carrying the
angular momentum p(ψ) which supports the configuration from collapse.
7.5.2 Exotic supertubes
It was pointed out in [220, 221] that further T-dualities lead to supertube configu-
rations in which ordinary branes polarise into exotic branes. For instance, one can
obtain:
D4(6789) +D4(4589) → 522(4567ψ, 89) + p(ψ) . (7.79)
An explicit supergravity solution for this exotic supertube can be written down. It
is a solution of type IIA SUGRA on R1,30123 × T 6456789. We denote the transverse
non-compact directions by ~x = (x1, x2, x3). The NSNS part of the solution is:
ds2 = − 1√
f1f2
(dt−Aidxi)2 +
√
f1f2dx
2
123 +
√
f1
f2
dx245 +
√
f2
f1
dx267 +
√
f1f2
f1f2 + γ2
dx289
(7.80)
B89 =
γ
f1f2 + γ2
, e2φ =
√
f1f2
f1f2 + γ2
, (7.81)
and it also carries non-trivial RR fields, C3 6= 0, C5 6= 0, C1 = C7 = 0, see [221] for
the details. The harmonic functions appearing are:
f1 = 1 +
Q1
L
∫ L
0
dv
|~x− ~F (v)| , f2 = 1 +
Q1
L
∫ L
0
dv| ~˙F (v)|
|~x− ~F (v)| , (7.82)
where ~x = ~F (v) describes the position of the supertube in the transverse space, via
the profile function ~F . We also have the one-form
Ai = −Q1
L
∫ L
0
dv F˙i
|~x− ~F (v)| , (7.83)
in terms of which the function γ appearing in the solution is given by
∂iγ = ǫi
jk∂jAk . (7.84)
This function is therefore not single-valued. Consider a curve c which has a non-
trivial intersection with the supertube curve ~x = ~F (v), as in figure 6. Parametrising
the curve c by w, we have∮
c
dγ =
Q1
L
∫
dw
∫
dv ǫijk
x˙i(w)F˙ j(v)(xk(w)− F k(v))
|~x(w) − ~F (v)|3 =
4πQ1n
L
, (7.85)
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using the fact that the integral in the first line is Gauss’ linking integral measuring
the linking number n of the two curves (the number of times that c winds around
the supertube curve). Hence
γ → γ + 4πQ1
L
, (7.86)
as we go once through the curve. This leads to a non-geometric monodromy trans-
forming the fields in the 89 directions, and makes this an exotic supertube. Crucially
though, as can be seen from the harmonic functions Eq. (7.82), the solution is asymp-
totically flat, and has no global exotic monodromy.
x2
x3
x1
Curve ψ: ~x = ~F (v)
c
Figure 6: An exotic supertube. Traversing the curve c leads to a non-geometric
monodromy.
The importance of the arguments of [220,221] is the following. As the polarisation
of branes into supertubes is inevitable, hence the polarisation of branes into exotic
supertubes is inevitable. Therefore exotic branes will generically appear in string
theory in situations where multiple branes are present and will polarise.
Supertubes play an important role in the microstate geometry program, where
they provide supergravity realisations of microstates of black holes, and so account
for some portion of the entropy of black holes in string theory. It has been proposed in
[220,221] that for three- and four-charge black holes that non-geometric microstates
may be required to obtain the correct entropy.
7.6 Winding localisation
Let’s revisit the smeared NS5 on R3 × S1. The metric is
ds2 = dx2012345 + f(dx
2
678 + dθ
2) , (7.87)
with
f(r) = 1 +
q′
r
, r =
√
(x6)2 + (x7)2 + (x8)2 . (7.88)
We previously obtained this solution by a smearing procedure starting with the
honest localised NS5 solution on R4. Alternatively, we could have used the solution
to the Laplace equation on R3 × S1:
f(r, θ) = 1 +
q′
r
sinh r
cosh r − cos θ . (7.89)
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The NS5 solution (7.88) with the localised harmonic function (7.91) should represent
the true NS5 brane solution with transverse space R3×S1, localised at r = 0, θ = 0.
How should we interpret the smeared solution, which is what appears naturally as the
T-dual partner of the KKM? The answer is believed to be that the string worldsheet
theory in the smeared background quantum corrects into the full localised solution,
after taking into account the presence of worldsheet instanton configurations. Such
a possibility was first suggested in a paper by Gregory, Harvey and Moore [234] and
then evidence for this came much later from an impressive calculation by Tong [235].
The T-dual version of the worldsheet instanton calculation was studied by Harvey
and Jensen in [236, 237] and suggests that the Kaluza-Klein monopole12 can be
thought of as being localised in winding space:
ds2 = dx2012345 + fdx
2
678 + f
−1(dθ2 +Aidxi) , (7.90)
f(r, θ˜) = 1 +
q′
r
sinh r
cosh r − cos θ˜ . (7.91)
As pointed out in [237], this should be interpreted in doubled geometry. Such a
background does not violate the section condition, as it depends on the dual coordi-
nate θ˜ (the θ of the localised NS5 (7.87)), but not also on the physical coordinate.
As a solution in DFT it is fine but there is no supergravity interpretation. This is
not a problem from the point of view of the string worldsheet theory.
To understand how such localisation comes about let us look at some more details.
The full transverse space of the monopole is an S3. It is written as a Hopf fibration
of S1 over S2 with θ the coordinate of the Hopf fibre. Crucially, the first homotopy
group of S3 is trivial and so there are no string winding modes on this space. Locally
though one can think of the winding modes around the S1 Hopf fibre and construct
a current corresponding to this winding mode. Examining the worldsheet theory,
one can show that the there are classical unwinding solutions. These are solutions
to the string equations of motion that can alter the winding number. They are
like Lorentzian world sheet instantons in that they are world sheet cylinders where
the winding number changes from the past circle to the future circle. In the path
integral one should sum over these solutions. These configurations act as a sources
for the winding modes and so strings in that background feel a potential in winding
space. To put it even more simply, because there are no conserved winding numbers
of strings in the KK background, the KK winding number can be changed and so
momentum in the θ˜ direction is not conserved (momentum in winding mode space is
equivalent to winding charge). This means there is some potential in that direction
which is captured by the Laplace equation with delta function source.
7.7 Discussion
Exotic branes in exceptional field theory
We have seen that duality predicts the existence of exotic branes, which are charac-
terised by non-trivial T- or U-duality monodromies as one encircles the position of
12The further generalisation to the 522 brane was done in [238] and similar effects for general
branes in DFT studied in [239]
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the brane. These are generalisations of 7-branes in type IIB, which have S-duality
monodromies, and of Kaluza-Klein monopoles, which require the presence of com-
pact “special isometry” directions. The spacetime backgrounds sourced by these
branes are thus non-geometric.
One of the original motivations for treating physical and dual coordinates to-
gether was to provide a “geometry for non-geometry” [160]. It is clear that if one
takes the extended geometry of DFT or ExFT seriously, then it is a natural home
for non-geometries.
Let’s review the state of affairs in ExFT. Given some particular brane solution
(geometric or non-geometric) there are multiple ways to realise it as an ExFT so-
lution, depending on how one chooses to orient the worldvolume, transverse and
special isometry directions between the n-dimensional spacetime and the extended
geometry. The standard branes couple electrically to the tensor hierarchy gauge
fields from R1 to R8−d, the latter corresponding to those of codimension 3 in the
n-dimensional space, including the Kaluza-Klein monopole. The first exotic branes
appear coupled electrically to the adjoint-valued tensor hierarchy gauge field in R9−d,
and magnetically to the generalised metric. Being magnetically charged under n-
dimensional scalars, they are characterised by monodromies of the latter, leading to
their non-geometric nature when interpreted from an 11- or 10-dimensional perspec-
tive. Branes of lower codimension appear at the next level in the tensor hierarchy.
One can also use exceptional field theory to speculate about configurations which
are locally non-geometric i.e. configurations where the background depends on dual
coordinates (without violating the section condition by not also depending on the
actual physical coordinates of the spacetime), as in the R-flux examples of sections
7.1 and 7.2 and in the winding mode localisation example discussed above, see for
instance [239,240].
Note that we can write down descriptions of exotic branes that remain exotic
within the exceptional field theories themselves. For example a large spectrum of ex-
otic branes were constructed in the E7(7) exceptional theory where the non-geometric
monodromy acts non-trivially on the external spacetime as well as in the extended
geometry [241]: hence this is a configuration which is exotic in E7(7) as it really makes
use of a E8(8) monodromy. By making the extended geometry as large as possible we
can fully geometrise such transformations using higher rank Ed(d) transformations.
Ultimately, this leads to brane solutions in orbits of the infinite-dimensional ex-
tensions of the Ed(d) sequence, which have proven a useful starting point for obtaining
and classifying orbits of branes, see for example [67, 68, 242–248]. The goal of ob-
taining a complete classification of all possible exotic brane states has been pursued
also via the formulation of “wrapping rules” controlling the brane spectrum on a
torus [249–257], while classifications taking exceptional field theory as a starting
point include [241, 258–261]. All these approaches provide access to large orbits of
non-geometric branes and also describe the exotic generalisations of p-form gauge
fields to which they couple. These are mixed symmetry tensor potentials, carrying
sets of antisymmetric indices, related to unusual dualisations of ordinary p-forms
and of the graviton. Within exceptional field theory, these appear as components of
the tensor hierarchy gauge fields at high levels.
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Other exotic features
Below, we will list a sample of works on non-geometric backgrounds to illustrate some
of the other interesting features associated to the appearance of such backgrounds
in string and M-theory. Some of these have been explicitly connected to DFT or
ExFT, while others offer entirely different angles and approaches which have not
(yet!) been explicitly discussed in this context.
Other versions of non-geometry. Non-geometric brackgrounds can be described
as topological interfaces on the worldsheet, see for example [262]. Mirror symmetry
has been shown to be related to fibre wise T-duality so one can using mirror sym-
metry to construct so called “mirrorfolds" where mirror symmetry is used to patch
together local solutions. [263].
A “mysterious” duality” with del Pezzo surfaces. An intriguing observation relates
the moduli space of M-theory to the moduli spaces of del Pezzo surfaces [264], where
the usual 1/2 BPS branes are given by spheres in the del Pezzo. In a very interesting
recent work Kaidi [265] has constructed the relevant cycles corresponding to exotic
branes and has showed they are given by higher genus curved in the del Pezzo. This
then predicts more novel exotic branes.
Non-commutativity and non-associativity. The physics of strings and branes
probing non-geometric backgrounds leads to some interesting features. Particu-
larly noteworthy is the evidence for non-commutativity and non-associativity of
closed strings in T-fold backgrounds [266–274], and of membranes in U-fold back-
grounds [275–277].
Non-geometric engineering. Recently S- and U-folds have been used to construct
novel four dimensional N = 3 SUSY field theories [278, 279]. This works by having
branes in backgrounds where we make some non-trivial (and non-perturbative) du-
ality identification, such as a D3 brane in an S-fold or an M5 brane in a U-fold [280].
The S- or U-folding in the background means the supersymmetry on the brane gets
broken and the coupling gets fixed at order one leading to a non-perturbative field
theory with an unusual amount of supersymmetry. These constructions can be ex-
tended (via the double copy) to produce new variants of supergravity with N = 7
supersymmetry, again by making use of duality twists [281].
Worldvolume actions for exotic branes. The worldvolume actions for exotic
branes can be determined by starting with the known worldvolume theories of stan-
dard branes, and applying duality transformations. This procedure was used in [282]
for the 613, 73 (the S-dual of the D7) and some other codimension-1 exotic branes,
and later in [283,284] for the 522 and [285] for the 5
3.
Electric non-geometry. Throughout this review, electromagnetic duality has
played an important role in the background. One might then wonder what would
be the electromagnetic dual of an exotic brane. Let’s consider the 522, for example.
We saw that one way to obtain this brane was to start with the NS5, magnetically
charged under the B-field, T-dualise to the KKM, which is magnetically charged
under KK vector, and then T-dualise again to the 522, which we could think of as be-
ing magnetically charged under the bivector. An electromagnetic dual of this chain
would start with the fundamental string, electrically charged under B-field and then
127
T-dualise along the spatial worldsheet direction to the pp-wave, which is electrically
charged under the KK vector. To go one step further, we should consider a timelike
duality [286] (studied in general by Hull in [287, 288]) and obtain a novel solution
which can be viewed as being electrically charged under the bivector. This solution
is that of a fundamental string with negative tension:
ds2 = H˜−1(−dt2 + dz2) + d~x82 ,
Btz = H˜
−1 − 1 ,
e−2Φ = H˜ ,
(7.92)
where the harmonic function H˜ = 1 − hr6 with r ≡ |~x8| differs from that of the
usual string solution by the appearance of a minus rather than a plus sign. When
H˜ = 0, there is a naked singularity, furthermore the solution can be checked to have
negative ADM mass. Such solutions have been re-analysed in [289] where it is argued
that backgrounds corresponding to negative tension branes may still make sense in
string theory, for instance other (mutually supersymmetric) branes can safely probe
beyond the singularity. In DFT terms, this is borne out by the non-singularity of
the generalised metric:
HMN =

H˜ − 2 0 0 H˜ − 1
0 2− H˜ H˜ − 1 0
0 H˜ − 1 H˜ 0
H˜ − 1 0 0 H˜
 (7.93)
(here we ignore the transverse directions). The only issue is that at H˜ = 0 we
cannot interpret the bottom-right block as an inverse spacetime metric. One can
either interpret the singularity then as a locus where the generalised metric admits
a so-called non-Riemannian parametrisation (to be discussed in the next section), or
else switch parametrisations to that involving a dual metric and bivector, in which
case one will obtain the bivector analogue of the usual fundamental string solution
with βtz = H−1 − 1. This should then be interpreted as some sort of instantonic
solution electrically charged under βij [290]. Although their status within the full
string theory remains unclear, it seems that from the DFT perspective (discussed
further in [163]) these type of solutions are better behaved than expected.
8 Non-Riemannian geometry
8.1 Non-Riemannian backgrounds
So far we have seen how exceptional field theory can beautifully encode the metric
and p-form fields of ordinary supergravity. We have seen how there can be back-
grounds which although locally may be described by supergravity there are global
obstructions, leading to a plethora of exotic branes and backgrounds. We have also
seen how there can be all manner of exotic or non-geometric fluxes which we can
encode with local fields such as the Q-flux, or if we wish to be adventurous the R-
flux. We will now consider the question of an even more unusual backgrounds which
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will have no description in terms of the familiar local fields. There will be none of
the usual supergravity fields, no metric, no p-forms. Why would such backgrounds
exist?
The logic is as follows. Normally, one writes the action for ExFT or DFT in
terms of the generalised metric and we then pick a gauge that allows us to choose a
parametisation of the generalised metric, and in doing so introduce the local super-
gravity fields (or perhaps those involving bivectors or similar, which are related by
field redefinitions). Instead one may write down the theory as a constrained system
whereby the generalised metric obeys an algebraic constraint determined by the ap-
propriate group of the ExFT or DFT. For example, in DFT one may work with a
generalised metric HMN which obeys the constraint equation:
HMN = ηMKHKLηLN , (8.1)
with ηMN the usual O(d, d) matrix. We know that we can solve this constraint by
writing the generalised metric as an element of the O(d, d)/O(d)×O(d) coset. Doing
so introduces the usual form of the generalised metric, Eq. (2.34), that we are by
now so familiar with. The constraint we have introduced means that the equations
of motion derived from the action for HMN obeys a projection equation as discussed
in section 2.2, namely:
PMN
KL δS
δHKL = 0 , PMN
KL =
1
2
(δ
(K
M δ
L)
N −HMPηP (KηNQHL)Q) . (8.2)
We can now ask however are there other solutions to the constraint equation? And
indeed by inspection we can see that one obvious solution stands out
HMN = ηMN . (8.3)
That is we can make the DFT metric be equal to the O(d, d) metric! This has been
reported and discussed at length in works by Park and collaborators [162,291–295].
Furthermore, the DFT equations of motion are then trivially solved as the projector
appearing in Eq. (8.2) automatically vanishes. Note, the O(d, d) metric is rigid, there
are no moduli and thus no fields. We call such a background non-Riemannian since
it does not contain a Riemannian metric.
One might then ask, is this is just a rather trivial vacuum and can we just ignore
it? There are several aspects to this. First in DFT one could choose the number
of dimensions one wish to solve this way with the remaining dimensions having
the usual coset parameterisation in terms of metric and B-field. This then gives a
fascinating compactification where there are no moduli from the compact space.
Before returning to the properties of the specific background Eq. (8.3), let us
discuss the general picture of non-Riemannian parametrisations of the generalised
metric. As shown in [292], solutions of the O(d, d) compatibility condition Eq. (8.1)
can be classified based on whether the d× d block Hµν of the generalised metric is
degenerate. This block normally corresponds to the inverse spacetime metric. When
it is degenerate, one can introduce alternative non-Riemannian parametrisations in
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which both Hµν and its zero vectors appear.13 This degenerate metric structure is
reminiscent of approaches to non-relativistic geometries, in which the prototypical
situation would be that one has a degenerate rank D − 1 “metric” with a zero vec-
tor. The latter is used to define the direction of time, and on orthogonal spatial
hypersurfaces the degenerate metric restricts to a normal Euclidean metric. Indeed,
this allows one to embed various non-relativistic limits of string theory [296–299] into
doubled or exceptional geometry [78,291,294,300,300–302], which is rather surprising
when you consider that this was never an intended goal of these approaches.
From a worldsheet perspective the zero vectors of the degenerate “metric” play
a rather interesting role. One can classify the non-Riemannian parametrisations by
a pair of integers (n, n¯) such that the total number of zero vectors is n+ n¯ (and the
trace of the generalised metric is 2(n−n¯)). Then what happens is that n target space
coordinates become chiral and n¯ become anti-chiral, or more precisely one obtains
chiral/antichiral βγ systems. In effect there is a decoupling of left- and right-movers
and this is what makes the target space non-Riemannian.
So, crucially, there is a sensible string worldsheet description of these back-
grounds. If there were not one might just suspect they were pathological solutions
so it is very important to see that these backgrounds are fully quantum consistent
string backgrounds. The quantum consistency of strings in such backgrounds was
already investigated in [303, 304] and more recently in [305]. Thus it is already re-
markable that DFT contains more string consistent backgrounds than are described
by supergravity.
Once we have seen the consistency of the worldsheet theory for strings in such
a non-Riemannian background it is natural to ask what the ExFT generalisation
is. We wish to emphasize the fact that the string theory is consistent so that we
have faith that non-Riemannian backgrounds are good even if they have no local
supergravity description.
8.2 Non-Riemannian Exceptional Field theory
We will seek the analogue of equation Eq. (8.3) for exceptional field theory follow-
ing [78]. The first challenge is that most exceptional groups are not equipped with a
symmetric tensor of the right dimension to allow a similar equation. There is one case
that stands out. In E8(8), the R1 representation is the adjoint, and the generalised
metric forE8(8) is a symmetric 248×248matric which obeysMMKMNLMPQfKLQ =
−fMNP . This is the analogue of the condition Eq. (8.1), and in particular it is used
to ensure that the ExFT action is invariant under generalised diffeomorphisms [45].
One can construct such an object for E8(8) using the E8(8) Killing metric. Recall, the
Killing metric is constructed from the structure constants of the algebra as follows:
κMN =
1
60
fMPQf
NQ
P . (8.4)
13Alternatively, in some cases one could pass to a parametrisation with a bivector [77], though
this is not possible for the case Eq. (8.3).
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The projector for the E8(8) equations of motion is given by [78]:
PMN
KL =
1
60
(
δ
(K
M δ
L)
N +MMNMKL −MMQY Q(KRNML)R
)
. (8.5)
It is then a simple exercise to see that:
MMN = −κMN (8.6)
solves
PMN
KL(M) = 0 . (8.7)
Thus, the relation Eq. (8.6) defines our E8(8) non-Riemannian space. It is a solution
of the E8(8) ExFT equations of motion for the internal space that does not admit
any supergravity parameterisation in terms of a metric or p-forms on the internal
space.
One may then ask what is the E8(8) ExFT with this choice of generalised metric
taken for the internal space. The theory then becomes a rather interesting theory
which appeared first in [55], with the following action:
S =
∫
d3xd248Y
√
|g|R[g] +
∫
d3xǫµνρ〈Aµ, ∂νAρ − 1
3
Aν ◦Aρ〉 (8.8)
where we have rewritten the Chern-Simons term of the E8(8) ExFT (see section 4.8),
involving the E8(8) ExFT gauge fields Aµ ≡ (AµM ,BµM ), in terms of a “Leibniz
algebra” product, with
Aµ ◦ Aν ≡ (LAµAνM ,LAµBνM + BNν ∂M (fNPQ∂PAµQ + BµN )) , (8.9)
obeying x ◦ (y ◦ z) = (x ◦ y) ◦ z + y ◦ (x ◦ z), and
〈Aµ,Aν〉 =
∫
d248Y
(A(µMBν)M − fMNKA(µN∂MAν)K) . (8.10)
Given that the 3d gravity of the external sector is also topological, one has a fully
topological sector of the theory. Remarkably then one has something quite unique.
The E8(8) ExFT has a topological phase given by the solution to the metric constraint
Eq. (8.6) and a fully geometric phase given by the generalised metric parametrised
as usual in terms of the metric and p-form fields of eleven dimensional supergravity.
At the classical level which phase we are in is a choice of background, essentially
spontaneous symmetry breaking. One would hope that at the level of the path
integral different phases are selected as one changes some order parameter.
In addition to this the existence of a new vacuum disconnected from the usual
set of vacua in supergravity has implications for the vacuum energy. In some form of
minisuperspace quantisation one would construct a wavefunction over the space of
vacua with the action providing an effective potential. The presence of a disconnected
vacuum (with no moduli) would be like a delta function potential. The wavefunction
over vacua would then have some support on this delta function which would lower
the overall vacuum energy [306].
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9 Conclusions and Discussion
After many years of development, and after overcoming numerous stumbling blocks,
we are now at the stage where the reformulation of supergravity theory with manifest
U-duality has been achieved. The theory is complete for all the finite exceptional
groups and there has been significant progress for the infinite dimensional case of
E9 [50,51] as well as attempts [52] at the ultimate E11 theory proposed by West and
collaborators [37] (but so far relatively little progress on the intermediate case of
E10 [307]). The development of the infinite dimensional cases will no doubt continue
and one imagines that the various technical difficulties will be overcome.
We have touched on several of the key applications of ExFT (and of its prede-
cessor DFT) in this review. We described for instance the connection with gauged
supergravities, reductions and consistent truncations in section 5.2 and in section
5.5 the power of these formalisms in describing higher-derivative corrections to su-
pergravity. Here the subjects have proven their technical utility, and we expect they
will continue to produce exciting new results in these directions.
The presentation taken in this review has been quite ahistoric, in that we did
not spend a great deal of time first discussing DFT. DFT was in fact first given
as a truncation of closed string field theory and it is string field theory that lies
beneath many of the structures of DFT. The proper justification for the truncation
from closed string field theory to DFT has been suggested by Sen [308] to arise as
a generalised Wilson effective action via a procedure of integrating out degrees of
freedom from the string field theory path integral. Indeed the role of T-duality in
the context of closed string field theory, studied in [309], provides an insight into
many of the structures in DFT.
What perhaps is unexpected is how exceptional field theory follows the structures
of DFT. String field theory is a second quantised theory that is perturbative in the
string coupling. M-theory is a meant to be the theory that is defined nonpertur-
batively in the string coupling and indeed its low energy effective theory does not
even share the same dimension as the perturbative string. The M-theory low energy
effective action, eleven-dimensional supergravity, has of course a different massless
field content from its ten-dimensional counterparts the IIA and IIB supergravities
that are the perturbative string effective actions. It is thus something of a mystery
that the structures in DFT get replicated for exceptional field theory given that
exceptional field theory is in some sense the nonperturbative version of DFT. This
observation has proved to be a useful guide in exceptional field theory and has led
to the maxim, what happens in DFT happens for ExFT. Physically though we are
far from understanding why this is.
There are of course some outstanding questions. An example where there are
difficulties in moving to exceptional field theory as compared to DFT has been in
precisely understanding the geometry of the extended space. We have described
how the theory has a local symmetry described infinitesimally by the generalised Lie
derivative. For a normal Lie algebra the finite transformations (at least those con-
nected to the identity) are obtained by exponentiating the infintesimal generators.
For the case of DFT the role of the section constraint makes this process technically
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involved, and there have been a series of works examining the finite transformations
in DFT [310–315]. However, for exceptional field theory the local finite transforma-
tions are not known. The global structure of exceptional spaces is also not known
and even for DFT there are various global issues [23, 316–319]. Getting to grips
with these local and global questions is crucial to understanding what possible ex-
otic spaces there may be. The exotic branes presented here are easily seen through
the application of dualities but there is no reason to suppose that these are the only
exotic spaces that ExFTs allow. It is clear that one needs to develop the appropriate
topological classification for the spaces of exceptional field theory and at the moment
this is not known.
For DFT in a background that admits a complex structure, there is a symplectic
strucutre and subsequently one may form a description of the space as a para-
Hermitian manifold [320–326]. This approach goes far in describing global issues in
DFT. In this framework, the doubled spacetime is a foliated manifold for which the
polarization (or solution of the section condition) determines the physical spacetime
as a quotient space. This is in contrast to the idea of the physical spacetime as a
submanifold (as such “section condition” may be somewhat of a misnomer). From
the string worldsheet perspective this is the doubled but gauged approach [162,327].
The approach relies on two things that exceptional field theory is missing. M-
theory is not a theory of membranes (or indeed fivebranes) so even though one
may have worldvolume actions for branes in exceptional backgrounds as discussed
in section 6.6, brane actions do not play the same role in M-theory as they do in
string theory. They are not fundamental objects whose quantisation may be used to
define the theory as one does with strings. (In spite of this situation, some first steps
towards generalising the para-Hermitian structures to exceptional geometry based
on versions of U-duality covariant brane actions, have been recently taken in [201],
see also the comments in [63].) Secondly, the para-Hermitian approach relies on
similarities to symplectic geometry and geometric quantisation. It is curious how
DFT has many similarities to geometric quantisation as discussed in [22]. Extending
that approach to ExFT would be fascinating but as yet has not been developed. To
do so would be a fascinating exercise: beyond being an application of ExFT it would
be a geometric approach to quantum nonperturbative physics.
One further geometric topic we did not discuss in detail in this review was the
construction of generalised notions of connections and curvatures. This can indeed
be done, but the situation is more subtle than in ordinary geometry, where the Levi-
Civita connection is the unique torsion-free metric compatible connection, leading
to the Ricci scalar which gives the Einstein-Hilbert action. In double or excep-
tional geometry, one can define generalised connections that annihilate the gener-
alised metric and preserve the appropriate O(d, d) or Ed(d) structures, but these are
not unique [16, 17, 35, 58, 91, 119,157,158,328,329]. This leads to obstructions when
defining unambiguous curvature tensors. By taking projections and contractions,
the only unique covariant objects reduce to the generalised Ricci tensor and gener-
alised Ricci scalar which appear in the Lagrangian and equations of motion of the
generalised metric.
For example, in (pure) DFT, the generalised Ricci tensor and scalar vanish by the
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equations of motion, and it can further be shown that there is no O(d, d) covariant
quantity that reduces to the square of the Riemann tensor [158]. This means it is un-
clear whether or how one can characterise singularities in DFT (leading, for instance,
to subtleties when trying to study black holes in doubled geometry [330]), and is per-
haps expressing something important about the nature of how α′ corrections must
be incorporated in this string theoretic geometry. An absence of singularities may
of course also be a virtue! DFT and ExFT also offer novel resolutions of geometric
singularities where an apparent naked singularity in spacetime can be interpreted
as a breakdown in the parametrisation of the generalised metric, signalling the need
to switch from a Riemannian to a non-Riemannian parametrisation [78, 163], as we
described briefly at the end of section 7.7 in the context of putative electromagnetic
duals of exotic branes.
A further idea that would be very interesting to lift from the doubled to the
exceptional setting is that of generalised dualities. The usual T- and U-dualities
apply in backgrounds with abelian isometries. In string theory backgrounds with a
non-abelian group of isometries, one can perform a transformation known as non-
abelian T-duality [331] which generates a second string theory background, which
generically will have no isometries. This can be further generalised to Poisson-Lie
duality [332,333] which can be used to transform between sigma models in two back-
grounds, neither of which have isometries. The secret to these generalised T-dualities
is that there exists an underlying algebraic structure based on an even-dimensional
Lie algebra known as the Drinfeld double. This algebra naturally comes with an
O(d, d) invariant metric, and turns out to have a natural description in terms of
doubled geometry, with Poisson-Lie transformations (which contain abelian and non-
abelian T-duality as special cases) acting as non-constant O(d, d) transformations in
DFT [334–338]. In the absence of a clear worldvolume understanding of U-duality
it has recently been proposed to use the natural ExFT generalisations of this frame-
work to construct the algebras and geometries that would appear in a non-abelian or
Poisson-Lie version of U-duality [339–341]. This seems to be a promising approach
to use the power of ExFT to find new types of dualities in M-theory.
There is still much to do in fully understanding the role of exotic branes. From
the string perspective, exotic branes should apparently dominate the theory at strong
coupling since their naive tension makes them the lightest states at strong coupling.
The reason why this might be naive is shown when we look at M-theory and the IIA
string. The NS5 has tension g−2s , the D-branes g−1s , and the fundamental string g0s yet
at strong coupling it is not that the NS5 dominates. The NS5 and D4 are described by
the M5 and the fundamental string and D2 combine to the M2. The M2 and M5 have
the same dimensionless tension and there is no hierarchy of scales at strong coupling,
see [342] for a review. One would imagine a similar thing happening with the exotic
branes in exceptional field theory, but this has as yet not been accomplished. The
physics of the production of exotic supertubes from ordinary brane configurations,
which as suggested in [220,221] may contribute to black hole microstate counting, is
another area in which has not yet begun to be fully explored.
From a perhaps more mathematical perspective, a promising new technical devel-
opment, which may ultimately shed light on many of the above questions, has been
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to see the role of L∞ algebras [343–348], Leibniz gauge theories [349] and differential
graded Lie algebras [350] in exceptional field theories. This shows that underlying
the exceptional geometry of ExFT are powerful (and, indeed, applicable much gen-
erally than just in this subject) algebraic structures, whose role in the formulation
has perhaps not yet been fully appreciated.
Finally, we turn to cosmology. It is here where the ideas look most likely to
have physical application in the understanding the geometry of the universe at small
scales where string gas dynamics dominate the physics [351–353]. For cosmological
applications, one can also obtain more control over higher-derivative expansions
leading to proposals for duality invariant cosmology at all orders in α′ [354] in which
one can obtain de Sitter vacua [355]. We might also mention that non-geometric
backgrounds may play a role in finding de Sitter vacua as demonstrated in [356],
where seven-dimensional de Sitter solutions were found by compactifying on highly
non-geometric spaces. This is one of the lessions; we may need to include what may
be thought of as exotic non-geometric spaces to obtain physically interesting spaces
in lower-dimensional theories.
Another unexplored possibility is to explore how the thermodynamics of strings
are high temperatures would be captured by DFT – in fact it was one of the original
motivations of [26] where doubled geometry was introduced to understand strings
beyond Hagedorn temperature [357]. Even more fascinting would be to see if excep-
tional field theory can help capture the thermodynamics of M-theory.
We began the review by quoting Kaluza’s request for assistance from extra di-
mensions. The extra dimensions, well beyond Kaluza’s imagination, introduced by
double and expectional field theory have provided much needed help in reorganising
string and M-theory but we have yet to see the full role these new dimensions will
play.
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A Fixing the coefficients of the SL(5) ExFT
Here, we will give a sense of the type of calculation involved in verifying the invariance
of the ExFT invariance under n-dimensional diffeomorphisms, and how this fixes the
coefficients in the action. We will work with the case of SL(5) that we described
in section 4.6. We start with the topological term written as an integral over one
dimension higher is:
Stop = κ
∫
d8xdY ǫµ1...µ8
(
1
4
∂ˆJµ1...µ4 • Jµ5...µ8 − 4Fµ1µ2 • (Hµ3µ4µ5 • Hµ6µ7µ8)
)
(A.1)
where the coefficients have been chosen so that its variation is a total derivative:
δStop = 2κ
∫
d8xdY ǫµ1...µ8 Dµ1
(
− 4δAµ2 • (Hµ3µ4µ5 • Hµ6µ7µ8)
− 12Fµ2µ3 • (∆Bµ4µ5 • Hµ6µ7µ8)
+ (∂ˆ∆Cµ2µ3µ4) • Jµ5...µ8
)
.
(A.2)
Using the definition of •, this is:
δStop = 2κ
∫
d8xdY ǫµ1...µ8 Dµ1
(
+ 2δAµ2MNHµ3µ4µ5MHµ6µ7µ8N
+ 6Fµ2µ3MN∆Bµ4µ5MHµ6µ7µ8N
+ ∂NM∆Cµ2µ3µ4NJµ5...µ8M
)
.
(A.3)
The kinetic term for the one- and two-forms are
S1 = −1
8
∫
d7xdY
√
|g|mMPmNQFµνMNFµνPQ , (A.4)
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S2 = − 1
12
∫
d7xdY
√
|g|mMNHµνρMHµνρN . (A.5)
Recall that
δFµνMN = 2D[µδAν]MN +
1
2
ǫMNPQK∂PQ∆BµνK ,
δHµνρM = 3D[µ∆Bνρ]M −
3
4
ǫMNPQKδA[µNPFνρ]QK + ∂NM∆CµνρN ,
(A.6)
and hence the field equation for Cµνρ is
∂NM
(
1
6
√
|g|mMPHµνρP − 2κǫµνρσ1 ...σ4Jσ1...σ4M
)
= 0 . (A.7)
Under external diffeomorphisms, we take
δξAµMN = ξσFσµMN +mMPmNQgµν∂PQξν ,
∆ξBµνM = ξσHσµνM ,
∆ξCµνρM = − 1
12 · 4! · 3! · κ
√
|g|ξσǫσµνρλ1λ2λ3mMNHλ1λ2λ3N .
(A.8)
The complete variation of the topological term is then:
δξStop = 2κ
∫
d8xdY ǫµ1...µ7
(
+ 2ξσFσµ1MNHµ2µ3µ4MHµ5µ6µ7N
+ 2mMPmNQgµ1σ∂PQξ
σHµ2µ3µ4MHµ5µ6µ7N
+ 6ξσFµ1µ2MNHσµ3µ4MHµ5µ6µ7N
)
+
1
6
∫
d8xdY ∂NM
(√
|g|ξµmNPHνρσP
)
JµνρσM .
(A.9)
The first and third lines here cancel via the Schouten identity. For the second line,
we write
ǫµ1...µ7gµ1σ∂PQξ
σHµ2µ3µ4MHµ5µ6µ7N = −|g|ǫσλ1...λ6∂PQξσHλ1λ2λ3MHλ4λ5λ6N .
(A.10)
Then we integrate by parts to obtain the final expression
δξStop = 8κ
∫
d8xdY
√
|g|ξσǫσµ1...µ6∂PQ
(√
|g|mMPHµ1µ2µ3M
)
mNQHµ4µ5µ6N
+
1
6
∫
d8xdY ∂NM
(√
|g|ξµmNPHνρσP
)
JµνρσM .
(A.11)
Next, we consider
δξHµνρM = LξHµνρM
− 3
4
ǫMNPQKmNN
′
mPP
′
gσ[µ|∂N ′P ′ξσF|νρ]QK
− ξσ∂MNJσµνρN − 1
12 · 4! · 3! · κ∂PM
(√
|g|ξσǫσµνρλ1λ2λ3mPQHλ1λ2λ3Q
)
(A.12)
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after using the Bianchi identity for HµνρM to simplify the expression. The final
two lines can be viewed as the anomalous variation of this field strength under the
7-dimensional diffeomorphisms. The very final line gives:
δanomξ S2 ⊃
∫
d7xdY
√
|g|1
6
mMNHµνρMξσ∂NPJσµνρP
+
1
6
1
12 · 4! · 3! · κ
∫
d7xdY ∂PM
(√
|g|mMNHµνρN
)√
|g|ξσǫσµνρλ1λ2λ3mPQHλ1λ2λ3Q
(A.13)
after integrating by parts. The first line here combines with the second line of
Eq. (A.11) into a total derivative, and the second line cancels against the first line
of Eq. (A.11) if
1
6
1
12 · 4! · 3! · κ = 8κ⇒ κ = ±
1
12 · 4! . (A.14)
The choice of sign is immaterial and we pick the plus sign. Next, we can consider
δξFµνMN = LξFµνMN + 1
2
ǫMNPQK∂PQξσHσµνK + 2D[µ|(mMPmNQ∂KLξσg|ν]σ) .
(A.15)
It is straightforward to check that the contribution to the variation of the kinetic
term for this field strength arising from the second term here cancels against the
remaining piece coming from the anomalous variation of HµνρM, i.e. the second line
in Eq. (A.12). This fixes the coefficients of L1 and L2 relative to each other. With
further work, the third term here can be shown to cancel against a term coming
from the variation of the Einstein-Hilbert term, Rext(g), for the metric gµν . This
fixes the relative coefficients of L1 and Rext(g). Finally, further anomalous variations
from Rext(g), the kinetic term for the generalised metric and the internal part of the
Lagrangian all conspire to cancel against each other and fix all relative coefficients
(up to the overall scale). We refer the diligent reader to the original literature to
check the precise details.
B O(d, d) double field theory
In section 2.2, we explained the double field theory which describes the full 10-
dimensional NSNS sector action using O(10, 10) generalised diffeomorphisms, a gen-
eralised metric and a generalised dilaton. We can also formulate double field theory
with n = 10−d “undoubled” coordinates, xµ, and 2d doubled coordinates, YM . The
field content of this theory is: [358]{
gµν ,HMN ,d,AµM ,Bµν
}
. (B.1)
As well as the n-dimensional metric, O(d, d) generalised metric, HMN , and gener-
alised dilaton, d, there is a particularly simple tensor hierarchy, consisting solely of
the one-form AµM and O(d, d) singlet two-form, Bµν , which transform under gener-
alised diffeomorphisms and gauge transformations as:
δAµM = DµΛM − ηMN∂Nλµ .∆Bµν = ηPQΛPFµνQ + 2D[µλν] . (B.2)
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As in section 4.2, we can define the corresponding generalisations of the wedge prod-
uct and exterior derivative. If A1, A2 ∈ R1 = 2d and B ∈ R2 = 1,
(∂ˆB)M = ηMN∂NB , A1 • A2 = ηMNAM1 AN2 . (B.3)
and then use the formulae Eq. (4.78) for the field strengths. In this case, it turns
out that the field strength Hµνρ of the two-form is already fully covariant without
the need to introduce a three-form, so the tensor hierarchy terminates.
The remaining fields transform under generalised diffeomorphisms as follows.
The generalised metric and dilaton transform as a rank 2 tensor and a scalar of
weight one, exactly as in section 2.2. The n-dimensional metric is simply a scalar:
δΛgµν = Λ
N∂Ngµν . (B.4)
It is then straightforward to write down terms which are invariant under generalised
diffeomorphisms, and under the further tensor hierarchy gauge transformations. In
order to fix the action uniquely, we again use transformations under external diffeo-
morphisms. In terms of an external vector field ξµ and the usual n-dimensional Lie
derivative Lξ (defined with Dµ in place of ∂µ), we have:
δξgµν = Lξgµν ,
δξAµM = ξνFνµM +HMNgµν∂N ξν ,
∆ξBµν = ξρHµνρ ,
δξHMN = LξHMN ,
δξd = Lξd ,
(B.5)
The action for the full double field theory invariant under all these tranformations
is then:
S =
∫
dnxdY
√
|g|e−2d(Rext(g) + 4DµdDµd+ 1
8
DµHMNDµHMN
− 1
4
HMNFµνMFµνN − 1
12
HµνρHµνρ
+
1
4
HMN (∂Mgµν∂Ngµν + ∂M ln |g|∂N ln |g|)
+RDFT(H,d)
)
.
(B.6)
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